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ABSTRACT. We generalize our geometric theory on extended crystal PDE's and their stability, to 
the category Qs of quantum supermanifolds. By using algebraic topologic techniques, obstructions 
to the existence of global quantum smooth solutions for such equations arc obtained. Applications 
are given to encode quantum dynamics of nuclear nuclides, identified with graviton-quark-gluon 
plasmas, and study their stability. We prove that such quantum dynamical systems are encoded 
by suitable quantum extended crystal Yang-Mills super PDE's. In this way stable nuclear-charged 
plasmas and nuclides are characterized as suitable stable quantum solutions of such quantum Yang- 
Mills super PDE's. An existence theorem of local and global solutions with mass-gap, is given 
for quantum super Yang-Mills PDE's, {YM), by identifying a suitable constraint, {Higgs) C 
{YM), Higgs quantum super PDE, bounded by a quantum super partial differential relation 
(Goldstone) C (YM), quantum Goldstone-boundary. A global solution V C {YM), crossing the 
quantum Goldstone-boundary acquires (or loses) mass. Stability properties of such solutions are 
characterized.^ 
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1. Introduction 

The mathematical heritage of the last century is essentially that Physics is Geom- 
etry and nothing else. This is, in fact, the main issue by the Einstein's General 
Relativity theory [17], (previously supported also by the Maxwell's theory of elec- 
tromagnetism [53, 54]). Unfortunately this message was not well understood at the 
quantum level! The principal motivation was, we believe, that Mathematics was 
not ready to extend such a philosophy in the formulation of a geometric quantum 
theory. In fact, at the beginning of the last century the Ricci-Curbastro's tensor 
calculus [102, 103, 108] was just enough developed to allow to Einstein his formu- 
lation of general gravitation. Instead, in order to formulate a "quantum general 
relativity" , it was necessary yet to build a new geometric theory of quantum PDE's! 



^Some results of this paper were partially announced in [95] . 
Work partially supported by Italian grants MURST "PDE's Geometry and Applications". 
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At the beginning of last century, however, was just weh understood that the concept 
of "mass" is synonymous of concentred energy. In fact, the General Relativity 
Theory proved that big masses are able to deform space-time geometry. 
Nowadays we can state that also at quantum level, high concentration of energy 
modifies geometry and produces noncommutative geometry. Thus the mass-energy, 
is nothing else that a property of the geometry involved to describe "particles". 
This becomes conjectured also after the first middle of the last century, thanks 
to the famous formula E = mc^ and nuclear energy production experiments. To 
this purpose, let us recall the well known J. A. Wheeler's slogans: " mass without 
mass, charge without charge, field without field^ and his pioneering works on the 
" geometrodynamics" . (See, e.g., Refs.[130, 131, 132, 58].) 

Our PDE's Algebraic Topology, developed in the category of (non)commutative 
manifolds, aims to follow this philosophy, building a new mathematics just able to 
allow a full gcomctrization of Physics. 

In some previous works we have characterized PDE's as extended crystals, in the 
sense that their integral bordism groups can be considered as extensions of suitable 
crystallographic subgroups. For such structures a geometric formulation of stability 
theory has been developed also. More recently such theory has been extended 
also to quantum (super) PDE's, i.e., PDE's built in the category Qs of quantum 
supermanifolds, as previously introduced by us. (See Rcfs.[86, 88, 89, 90, 91, 95].) 
Aim of the present paper is to specialize our study to quantum supergravity Yang- 
Mills PDE's (quantum SG- Yang-Mills PDE's). This type of equations have been 
previously introduced by us in some recent works and appears very useful to en- 
code quantum dynamics unifying, just at quantum level, gravity with the other 
fundamental forces of Nature, i.e., electromagnetic, weak and strong forces. [71, 72, 
75, 76, 77, 78, 82, 83, 84, 85, 92, 93, 94, 95]. These equations extend, at quan- 
tum level, some superclassical ones, well known in literature about supergravity. 
(See, e.g., Refs.[14, 25, 123, 127, 128, 133].) In fact supergravity, as has been 
usually considered, is a classical field theory, that, in some sense comes from a gen- 
eralization of Charles Ehresmann and Elie Cartan's differential geometry [110].^ 
Then classical supergravity requires to be quantized. But in this way one discards 
nonlinear phenomena. In fact this quantization is obtained by means of so-called 
quantum propagators, that are just associated to linearizations of classical PDE's. 
Our formulation, instead, works directly on noncommutative manifolds [quantum 
supermanifolds), and the quantization is not more necessary. In fact, whether it 
is performed in this noncommutative framework, it can bee seen as a linear ap- 
proximation of a more general nonlinear integration. In some previous papers this 
important aspect has been carefully proved. (See Refs.[85, 94].) 
This paper, after Introduction, splits in two more sections. Section 2. Here we 
characterize quantum super PDE's like extended crystals, in the sense that their 
integral bordism groups can be considered as extensions of crystallographic sub- 
groups. This approach generalizes our previous one for commutative PDE's, and 
allows us to identify an algebraic topologic obstruction to the existence of global 
smooth solutions for PDE's in the category Qs- Furthermore, for such solutions we 
study their stability properties from a geometric point of view. Section 3. Here we 
consider "quantum gravity" in the category Qs, and encoded by suitable quantum 



It is well known that the mathematical foundation of all gauge theories is to ascribe to 
C. Ehresmann, when he was a E. Cartan's student [18]. 
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Yang-Mills equations {quantum SG- Yang- Mills PDE's), say (YM). In this way 
we are able to characterize quantum (super)gravity like a secondary object, asso- 
ciated to some geometric fundamental objects (fields), solutions of (YM). Then 
mass properties of such solutions are directly pointed-out, without the necessity to 
directly assume symmetry breaking Higgs-mcchanisms. However, we recognize a 
constraint in (YM), that gives a pure quantum geometrodynamic mechanism able 
to justify mass acquisition (or loss) to a quantum solution of (YM). Furthermore, 
nuclear particles and nuclides can be seen as suitable p-chain solutions of (YM), 
and their energy-thcrmodynamic contents and stability properties characterized. 
The main results of this paper arc the following. Theorem 2.3 characterizes the 
crystal structure of quantum super PDE's. Corollary 2.18 identifies the algebraic 
topologic obstruction to the existence of global smooth solutions of PDE's in the 
category Qs- Theorem 2.34 and Theorem 2.40 characterize the stability of quantum 
super PDE's and their solutions. Theorem 2.46 gives a criterion to average stabil- 
ity. Theorem 3.4 and Theorem 3.8 encode dynamic for quantum (supcr)gravity 
and characterize the quantum Cartan geometry induced by solutions of quantum 
SG- Yang-Mills PDE's, shortly denoted by (YM). Theorem 3.11 gives a criterion, 
founded on the quantum Higgs-symmctry breaking mechanism, to recognize solu- 
tions of (YM) whose quantum Lcvi-Civita connections induce zero covariant de- 
rivative on the corresponding quantum metric. Theorem 3.12 and Theorem 3.14 
characterize the quantum crystal structure of (YM). Theorem 3.19 gives a local 

mass-formula for solutions of (YM). Theorem 3.20 identifies important quantum 
observed fields by means of a quantum relativistic frame. Theorem 3.21 charac- 
terizes the stability properties of (YM) and its solutions. Theorem 3.23 identifies 
thermodynamic functions and thermodynamic equations associated to observed so- 
lutions of (YM). Theorem 3.28, and Corollary 3.38 prove existence of a formally 

intcgrablc and completely intcgrablc quantum super PDE, (Higgs) C (YM), where 
for any point, initial condition, there exist solutions with mass-gap.^ We call such 
a constraint Higgs quantum super PDE. A global solution, V C (YM), crossing 
the boundary, (denoted (Goldstone)) , of (Higgs) in (YM), quantum Goldstone- 

houndary, acquires (resp. loses) mass going inside, (resp. outside), (Higgs). So 
that the quantum Goldstone-boundary can be considered as the quantum integral 
situs for mass-creation, or, vice versa, mass-destruction, according that one con- 
siders the solution going inside (Higgs), or outgoing from (Higgs). The stability 
of such solutions are studied and identified the corresponding stabilized quantum 
extended crystal super PDE, where all the smooth solutions have mass-gap and are 
stable at finite-times. 

2. EXTENDED CRYSTAL SUPER PDE's STABILITY IN £Js 



In this section we resume some recent characterizations of quantum PDE's as quan- 
tum extended crystal PDE's, made by us in the framework of our geometric theory 



■^Herc and in the following, talking about quantum super PDE's, we simply say formally 
integrable, (resp. completely integrable), instead of formally quantum superintegrable, (resp. 
completely quantum superintegrable). (Compare with previous works on the same subjects.) 
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of quantum PDE's."* Furthermore, we shall consider the stability of quantum super 
PDE's in the framework of the geometric theory of quantum super PDE's. We will 
follow the line just drawn in some our previous papers on this subject for com- 
mutative PDE's, where we have interpreted stability of PDE's on the ground of 
their integral bordism groups and related the quantum bordism of PDE's to Ulam 
stability too. 

Definition 2.1. We say that a quantum super PDE Ek C J^\n^W) is a quantum 

extended 0-crystal super PDE, if its weak integral bordism group ^ is 

zero. 

Theorem 2.2. (Criterion to recognize quantum extended 0-crystal super PDE's). 
Let Ek C j^ini^) a formally integrable and completely integrable quantum super 
PDE such that W is contractible. //to — 1 ^ and n—\ ^ 0, then E^ is a quantum 
extended 0-crystal super PDE. 

Proof. In fact, one has the following isomorphisms, (see [84]): 

= (Ao 0K IK)) (Ai Ok ff„-i(W^; K)) . 

Thus, when W is contractible, and m — 1 7^ 0, n — 1 ^ 0, one has i/„j_i(VK;K) = 
H,,^i{W; K) = 0, hence we get ^"^^^^^^^^^ = 0. □ 

Theorem 2.3. (Crystal structure of quantum super PDE's). Let E^. C '^m|„(W^) 
be a formally integrable and completely integrable quantum super PDE. Then its 
integral bordism group is an extension of some crystallographic subgroup 

G<\G{d). We call d the crystal dimension of Ek and G{d) its crystal structure or 
crystal group. 

Proof. We resume here the proof given in [95]. The first step is to note that there 
is a relation between lower dimensions integral bordisms in a commutative PDE. 

Lemma 2.4. (Relations between lower dimensions integral bordisms in commu- 
tative PDE's). Let Ek C Jn(W) be a PDE on the fiber bundle tt : W ^ M, 
dim 14^ = m-\-n, dim A/ = n. Let ^Cp{Ek) be the set of all compact p-dimensional 
admissible integral smooth manifolds of Ek. The disjoint union gives an addi- 
tion on ^Cp{Ek) with as the zero element. Let us consider the homomorphisms 
dp : ^Cp{Ek) — >■ ^ Cp-i{Ek) that associates to any element a S ^Cp{Ek) its bound- 
ary da = dp{a). So we obtain the chain complex (2) of abelian groups (integral 
smooth bordisms chain complex); 

(2) ^C„(i?,) 'Cn-i{Ek) — ^C„_2(i?.) — ^ 'Co{Ek). 



For general informations on Algebraic (Co)homology see, e.g., the following Refs.[l, 6, 7, 
8, 10, 24, 32, 41, 42, 46, 48, 49, 50, 51, 52, 55, 56, 59, 100, 105, 106, 113, 114, 116, 117, 119, 
120, 121, 125, 126]. For general informations on crystallography, as used in this paper, see, e.g., 
Refs.[19, 28, 62, 101, 107, 109, 115]. For the geometric theory of PDE's, see, e.g., Refs.[9, 20, 21, 
26, 36, 37, 38, 39, 40, 43, 45, 61, 64, 65, 66, 67, 99, 111, 112, 118]. For the Algebraic Topology of 
PDE's, super PDE's, quantum PDE's and quantum super PDE's sec Refs.[68, 69, 70, 71, 72, 73, 
74, 75, 76, 77, 78, 78, 79, 80, 81, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95]. See also 
the following Refs.[2, 3, 4, 5, 96, 97, 98], where interesting applications of the PDE's Algebraic 
Topology arc given. 
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Then the p-bordism groups flp'' , < p < n, can be represented by means of the 
homology of the chain complex (2). 

Proof. Let us denote by {^C,{Ek),d,} the chain complex in (2). Then, we can 
build the exact commutative diagram (3). 

(3) 



' C, {Ek 



'Bor,{Ek) 



'Z,{Ek)' 



'C,{Ek) 



'Cyc,{Ek) 



^H.{Ek) 



where 



SB.(Sfc) = kcr(ai.); ^Z.{Ek) = im {d.); 
^H.{E>,) = SZ.{Ek)/''B.{Ek), 

b e H e ^Bor.{Ek) ^a~b = dc;c€, '^CiEk); 6 e [a] £ ^Cyc.{Ek) ^ d{a - b) = 0; 



k) =^ tt- 
da = db - 







ce'^C.iEk 



Then from (3) it follows directly that il^>' ^ ^Hp{Ek), < p < n. 



□ 



Lemma 2.5. (Relations between integral bordisms groups in commutative PDEs). 
One has the following canonical isomorphism: 

Z^Z^ Bor,{Ek) ^ 1^Cyc,{Ek). 



(4) 



Proof. Follows directly from the extension of groups given at the bottom of the 
commutative exact diagram (3) and some properties between extension of groups. 
(See, e.g., [71].) □ 

Lemma 2.6. (Relations between integral bordisms groups in commutative PDEs- 
2). If H'^{^Cyc,{Ek),^f'' ) = one has the following canonical isomorphism: 

(5) ''Bor.iEk) - nf" X ''Cyc.{Ek). 

Proof. Follows directly from the extension of groups given at the bottom of the 
commutative exact diagram (3) and some properties between extension of groups. 
(See, e.g., [71].) □ 

Lemma 2.7. (Integral ringoid of PDF). A ringoid is a structure (A, +,■), where 
A is a set and + is a binary operation such that (A, +) is an abelian additive group 
with zero A; ■ is a partially binary operation, i.e., it is defined only for some 
couples (a, b) ^ A x A, such that it is associative, and distributive with respect to 
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+, i.e., if a ■ b and a ■ c are defined, then it is defined also a • (6 + c) = a ■ b + a ■ c. 
A graded ringoid is a set A = ®„^n, where each An is an ahelian additive group 
and there is a partial binary operation ■, associative, and distributive with respect 
to +, such that if a & An, b £ Am, then a - b G A^+n, whenever it is defined. 
Let Ek C Jn{W) be a PDE, with n : W ^ M a fiber bundle, dimW 
dim A/ — n. Then the integral bordism groups ^p'' , < p < n — 1, identify a graded 
ringoid flf'' , that we call integral ringoid of , that is an extension of a graded 
ringoid contained in the nonoriented bordism ring Q,. One has the commutative 
diagram (6). 

(6) 




where H,(i?/;) = ®o<p<n-i ^^'^^ allows us to represent differential p- 

conservation laws of order k by means of ringoid homomorphisms ftf'' M. 

Proof Set 

(7) nf"^ 

0<p<n-l 

Each $7^*= are additive abelian groups, with addition induced by disjoint union, 
U. Furthermore, there is a natural product induced by the cartesian product, 

i.e., [Xi] ■ [X2] = [Xi X X2] e n^^^'+p^, for [X,] e n^:', o < < n - i, i = 1,2, 

^ P1+P2 < n — This product it is not always defined for all couples (Xi, X2) of 
closed admissible integral manifolds X, , i = 1, 2, but only for ones such that Xi XX2 
is a closed integral admissible manifold. Therefore ilf'' is a graded ringoid. Set 
("~i)r2, = ®o<p<n-i ^p- ^ natural way a graded ringoid structure, with 

respect the same operations with respect to which $7, is a graded ring. Furthermore, 
for any < p < n — 1, one has the exact sequence (8), (see proof of Theorem 3.16 
in [85]). 

(8) — ^Kp' — -f^p -0 

As a by-product one has also the following exact commutative diagram: 

(9) 



— ^ 7?. — ^ nf" — ^ — ^ 



o. 

where K^" = 0o<p<„_i ^p'- 

A full p-conservation law is any function / : ri^*" — s-M, 0<p<rt — 1. These, 
identify elements of H, = 0o<r,<„_i Hp(i?fe) in a natural way. In H,(i?fc) are 
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contained also ones identified by means of differential conservation laws of order fc, 
belonging to the following quotient space, {space of characteristic integral q-forms 
on Ek): 3{Ek)' = eo<5<„_i ^^(^fe)^ with 

^ ' ^ ~ dni-^Ek)®{cn^{Ek)nd-^icn^+^Ek))}- 

Here, fl'^{Ei;) is the space of smooth g-differential forms on E^ and CQ,'^{EiS) is the 
space of Cartan g- forms on Ek, that are zero on the Cartan distribution Efc of Ek- 
Therefore, /? G Cn<i{Ek) iff /3(Ci,--- ,C?) = 0, for all Q G C~(Efc).5 Any [a] G 
'3{Ek)' identifies a ringoid homomorphism /[a] : — )• K. More precisely one has 
f[a\{[X{\ + [X2]) =< a,Xi > + < a,X2 >, for [a] G JiEkY, [Xi], [X2] G fi^N and 
f[a]{[Xi]-[X2]) =< ai,Xi X a2,X2 >, for [a] = [ai] + [aa] G 3{Ek)P' ®3{Ek)P^ , 
[Xi] G [X2] G 17^,^. □ 

The next step is to extend above results to PDE's in the category Qs of quantum 
supermanifolds. 

Lemma 2.8. (Relations between lower order integral bigraded-bordisms in quan- 
tum super PDE's). Let Ek C •^m|„(W^) be a quantum super PDE on the fiber bundle 
IT : W ^ M, dvaiBW = {m\n,r\s), dim^ M = m\n, B ^ A x E , E a quantum 
superalgebra that is also a Z-module, with Z = Z{A) the centre of A. Let ^ Cp\q{Ek) 
he the set of all compact p\q-dimensional, (with respect to A), admissible integral 
smooth manifolds of Ek, < p < m, < q < n. The disjoint union gives an addi- 
tion on ^ Cp\q{Ek) with as the zero element. Let us consider the homomorphisms 
dp\q : ^Cp\q{Ek) — > ^ Cp_i\q_i{Ek) that associates to any element a G ^Cp\q{Ek) 
its boundary da = dp\q{a). So we obtain the chain complex (11) of abelian groups 
(integral smooth bigraded-bordisms chain complex) of Ek C J^^^ni^)- 
(11) 

^Cm\n{Ek) ^ ^C,n-l\n-l{Ek) ^ ^ Cm-2\n-2{Ek) ^ ' ' " 

where r = min{m, n}. Then the p\q-integral bordism groups f^^^; {'m ~r) < p < m, 
in ~ r) < q < n, can be represented by means of the homology of the chain complex 

(11) . 

One has the following canonical isomorphism: 

(12) Z(g)Z^Bor.|.(^fc) =Z^C2/c.|.(£;fc). 



Furthermore, if H'^{^ Cyc,\,{Ek),^'^\,) = one has the following canonical isomor- 
phism: 

(13) ^Bor,\,{Ek) = rifji X ^Cyc,\,{Ek). 



The space of conservation laws of E^, Cons{E)s), can be identified with the spectral term 
gO,n— 1 ^£ ^j^^ spectral sequence associated to the filtration induced in the graded algebra 
n*(i?oo) = ©5>of^'(£'oo), by the subspaces CQ,'^(Eaa) C Q,''{Eao)- (For abuse of language we 
shall call "conservation laws of fc-order", characteristic integral (n — l)-forms too. Note that 
Cn'^{Ek) = 0. Sec also Refs.[71, 73, 75, 82].) 
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Proof. The proof can be conduced similarly to the ones for Lemma 2.4, Lemma 2.5 
and Lemma 2.6. □ 

Similarly we can prove the following lemma concerning the total analogue of the 
complex (11) too. 

Lemma 2.9. (Relations between lower order integral total-bordisms in quantum 
super PDE's). Let C >/^|n(^) quantum super PDE on the fiber bundle 

IT : W ^ M, dims = (m|n,r|s), dim^ M = m\n, B = A x E , E a quantum 
superalgebra that is also a Z -module, with Z — Z{A) the centre of A. Let ^Cp{Ek), 
< p < m + n, be the set of all compact u\v- dimensional, (with respect to A), 
admissible integral quantum smooth manifolds of Ek, such that u + v = p. The 
disjoint union gives an addition on ^Cp{Ek) with as the zero element. Thus we 
can write 

(14) ''Cp{Ek)= ^C„|,„(4)=^°''«Cp(4)- 

u,v\u+v—p 

Let us consider the homomorphisms dp : ^Cp{Ek) ^ Cp-i{Ek) that associates to 
any element a G ^Cp{Ek) its boundary da = dp{a), i.e., one has: 

dpO = 9p(ap|o, ap_i|i, ap_2|27 ■ • • ,clo\p) 

(15) = {dp\oap\o,dp_i\iap_i\i,dp^2\20'p-2\2:' ' ' iC^olp^olp) 

G ®u,v;u+v=p-l ^Cu\v{Ek) = ^Cp-i{Ek). 

One has dp-i odp ~ 0. So we get the chain complex (16) of abelian groups (integral 
smooth bigradcd-bordisms chain complex) of Ek C >^m|„(W^)- 

(16) ^C„(4) — 'Cn^Ek) — ^c„_2(4) — ■ • ■ — ^Co(4). 

Then the p-integral total bordism groups H.p'' , < p < m + n, can be represented 
by means of the homology of the chain complex (16). 
One has the following canonical isomorphism: 

(17) Z(g)Z^Bor.(^fc) ^ Z^CyciEk). 

Furthermore, if H'^{'^Cyc,{Ek),^^'') = one has the following canonical isomor- 
phism: 

(18) ^Bor,{Ek) = nf" X ''CyciEk)- 

Proof. The proof is similar to the one of Lemma 2.8. □ 

Lemma 2.10. (Integral ringoid of PDE's in £}s and quantum conservation laws). 
Let Ek C •^m|„(W^) be a PDE in the category O5 as defined in Lemma 2.9. Then, 
^t'' = ®Q<p<m+n ^p'' ' natural structure of graded ringoid, with respect 

to the (partial) binary operations similar to the commutative case. We call Vl^'^ 
the integral ringoid of Ek- Furthermore, quantum conservation laws of order k, 
f G Map{fl^('^, Bk) = flp\q{Ek), can be projected on their classic limits f ^ fc ^ 
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CO / G Af ap(f2p|^, K) = 'H.p\q{Ek)c ■ By passing to the corresponding total spaces, 
we get the exact commutative diagram (19). 

(19) 



Hp|q(i?fc) 



H.(^fc) 



k)C 



k)C 







Moreover, graded ringoid homomorphisms h G Homringoidi^f'',^), can be identi- 
fied by means of classic limit quantum conservation laws of ■ One has the exact 
commutative diagram (20). 



(20) 



0' 



'H.(^fe) 







■H.(Sfc) 



■H.(4)c 







that defines a subalgebra ^H,(ijfe) o/H,(i?fc), whose elements we call rigid quantum 
conservation laws, and whose classic limit can be identified with ringoid homomor- 
phisms n^'' K. In particular, quantum conservation laws arising by full quantum 
differential form classes 



(21) 



N eep,,>o3(4)pl« 
3(£;fe)pi9 



o''i''(i;fc)nd-'(cnp+^i''+^(-Efc)) 



dOp-ii'!-i(£;fc)®{cnpi9(_Efc)nd-i(cap+ii<!+i(Bfc)))} 



belong to ^li.iEk)- 

Proof. The proof follows directly from above lemmas. (For details on spaces 3(_Efc)Pl' 
see Refs.[77, 82, 84].) □ 

Let us, now, denote Q fi^ (or Q p^„), the classic limit of integral (p|(7)-bordism group 

of Ek, i.e., the (p + g)-bordism group of classic limits of integral supermanifolds 
N C Ek, such that dim^ = p\q.^ Furthermore, let us denote by flS^ the classic 

c P+1 

limit of total integral {p + (7)-bordism group of Ek, i.e., the {p + (7)-bordism group 
of classic limits of integral supermanifolds N C Ek, such that dim^ = ulv, with 
u + V = p + q. One has the exact commutative diagram (22). 



^Let us recall that a {p\q)- dimensional integral quantum supermanifold V of E^., < p < 
m, < q < n, with boundary dV, (or eventually with dV = 0), we mean an element V G 
Cp\qiEk+h,A), h > 0, such that TV C E^+h- So, if V = Ei^'ui + Ej l>'vi, ai G Aq, bj G Ai, 
one has dV = '^i{—'^Y a'- diU + '^j{—'^yVdj'v. (For more details see [84]. 
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(22) 



n 



p+q 



p+q 



n 



p+q 







Taking into account Theorem 3.6 in [84] wc get a relation between fl fl 

Tn \n ^ p\q 

and the bordism group f2m+n-2- In f^act, we can see that there is a relation between 
integral bordism groups in quantum super PDEs and Reinhart integral bordism 
groups of commutative manifolds. More precisely, let No,Ni C Ek C J^inO^) be 
closed admissible integral quantum supermanifolds of a quantum super PDE Ek, 
of dimension (m ~ l\n — I) over A, such that A'q IJ A^i = dV, for some admissi- 
ble integral quantum supermanifold V C Ek, of dimension (mjri,) over A. Then 

iNo)c U(^i)c = dVc iff {No)c and {Ni)c have the same Stiefel- Whitney and Eu- 
ler characteristic numbers. In fact, by denoting il^ the Reinhart p-bordism groups 
and flp the p-bordism group for closed smooth finite dimensional manifolds respec- 
tively, one has the exact commutative diagram (23). 
(23) 



0- 



■K 



rn— 1 n— l;m+n — 2 



n 



Ek 



77i-\-n — 2 







0- 



t 

m+n — 2 




m+n — 2 







This has as a consequence that if No[jNi = dV, then (^o)cU(^i)c = dVc iff 
{Nq)c and (iVi)c have the same Stiefel- Whitney and Euler characteristic numbers.^ 



-,E,- 



From above exact commutative diagram one has that 

a subgroup of flm+n-2- 

Let us consider, now, the following lemmas. 



is an extension of 



Lemma 2.11. [87] Bordism groups, Qjj, relative to smooth manifolds can be con- 
sidered as extensions of some crystallographic subgroup G<lG{d). 

Lemma 2.12. // the group G is an extension of H , any subgroup G <\ G is an 
extension of a subgroup H <\ H . 

Proof. In fact G is an extension of p{G) <\ H, with respect to the following short 

p 

exact sequence: K *- G *- H ^ . □ 

Therefore by using above two lemmas, we get also that is an extension 

of some crystallographic subgroup G < G{d). □ 



'^Note that for p + q = 3 one has k2 = 0, hence one has Sit = ^3. 
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The theorem below relates the integrability properties of a quantum super PDE to 
crystallographic groups. Let us first give the following definition. 

Definition 2.13. We say that a quantum super PDE Ek C >7^|„(W^) is an extended 
crystal quantum super PDE, if conditions of Theorem 2.3 are verified. Then, for 
such a PDE Ek are defined its crystal group G{d) and crystal dimension d. 

In the following we relate crystal structure of quantum super PDE's to the existence 
of global smooth solutions for smooth boundary value problems, by identifying an 
algebraic-topological obstruction. 

Theorem 2.14. [95] Let he the model quantum superalgehra o/ fc > 0. 

(See [83, 84].; We denote also by Boo = linifcBfc.^ Let Ek C i^[„(VF) be a 
formally integrable and completely integrable quantum super PDE. Then, in the 
algebra H„i_i|„_i(£'fc) = Map{ft^_^^_^; Bk) , Hopf quantum superalgebra of Ek, 

there is a quantum sub-superalgebra, (crystal Hopf quantum superalgebra) of Ek-^ 
On such an algebra we can represent the quantum superalgehra i?'^^'') associated 
to the quantum crystal supergroup G{d) of Ek. (This justifies the name.) We call 
quantum crystal conservation superlaws of Ek the elements of its quantum Hopf 
crystal superalgehra. Then, the obstruction to find global smooth solutions of Ek, for 
integral boundaries with orientable classic limit, can be identified with the quotient 

Hm-l|Ti-l(-Eoo)/ -B oo 

Definition 2.15. We define crystal obstruction of Ek the above quotient of alge- 
bras, and put: cry{Ek) = Hm-i\n-iiEao) / B^T*"^'^ . We call quantum 0-crystal 
super PDE a quantum super PDE Ek C </^|„(W^) such that cry{Ek) = 0. 

Remark 2.16. A quantum extended 0-crystal super PDE Ek C Jm\ni^) does 
not necessitate to he a quantum 0-crystal super PDE. In fact Ek is an extended 
0-crystal quantum super PDE if „, = 0. This does not necessarily implies 

that = 0. In fact, the different types of integral hordism groups of PDE's 

in the category Qs, o-i~e related by the following proposition. 

Proposition 2.17. (Relations between integral bordism groups). [95] [84] The 
different types of integral bordism groups for a quantum super PDE, are related by 
the exact commutative diagram reported in (24). 



We also adopt the notation Bk{A) and -Boo (A), whether it is necessary to specify the starting 
original quantum super algebra A. 

^Recall that with the term quantum Hopf superalgebra we mean an extension 

A C = A CgiK H s- D D/C s- , where H is an Hopf K-algebra and A is a 

quantum superalgebra. (For more details on generalized Hopf algebras, associated to PDE's, see 
Refs.[72, 73, 84].) 
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(24) 



K 



m—l\n~l,w/{s.w) 



m— 1 In— l,s 



K 



Ek 

?n— lln— l.ii) 



i-l|n-l/ 



K 



Ek 
I— 1 |n— 1,. 



Ek 

m — 1 \ n — l.,s 



One has the canonical isomorphisms: 



(25) 



m — l|n— m—l\n — l,s 
m — 1 1 n — 1 ' m — 1 1 n — 1 , s m— 1 1 n — 1 , s 



^ m — 1 1 n — 1 , s / m — 1 1 n — 1 



SI 



I— 1 |n— 



m—l\n—l' rn — lln — 1, 



i-l|n-l,' 



Corollary 2.18. Let E/^ C j^in^^) quantum 0-crystal super PDE. Let 

No,Ni C Ek be two closed initial and final Cauchy data of Ek such that X = 



and such that X, 



TVoUA^i € [0] e f^„,_i|„_i, 
smooth solution V C Ek such that dV = X . 



c «s 



orientable. Then there exists a 



Let us, now, revisit some definitions and results about stability of mappings and 
their relations with singularities of mappings, adapting them to the category Qs- 

Definition 2.19. Let X, (resp. Y), be a quantum supermanifold of dimension 
m\n, (resp. r\s), with respect to a quantum superalgebra A — ® Ai, (resp. B = 
Bq(BBi). We shall assume that the centre Z ~ Z{A) of A, acts on B that becomes 
a Z-module.^^ Let f S Q'^{X, Y). Then f is stable if there is a neighborhood Wf C 
Q^{X,Y) of f , in the natural Whitney-type topology of Q'^{X,Y), such that every 
Wf is contained in the orbit of f , via the action of the group Diff(X) xDiff{Y).^^ 
This is equivalent to say that for any f S Wf there exist quantum diffeomorphisms 
g : X ^ X and h : Y ^ Y such that h o f = fog. Furthermore, f is called 
infinitesimally stable if there exist a map : X ^ TY , such that ny °Q = f , where 
TTy : TY ~¥ Y is the canonical map, and integrable vector fields v : Y ^ TY , 



^^In the following, whether it is not differently specified, X and Y are such quantum 
supermanifolds. 

^^Here Dif f{X) denotes the group of quantum diffeomorphisms of a quantum super manifold 

X. 
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^ : X ^ TX , such that C, = T{f) o^ + vo f . Thus the diagram (26)zs commutative. 

T{f) 



(26) 



TX 




Theorem 2.20. Let X be a compact quantum supermanifold and f : X ^ Y be 
quantum smooth. Then f is stable iff f is infinitesimally stable. Furthermore, if f 
is a proper mapping, then does not necessitate assume that X is compact.^^ 

Proof. Note that the infinitesimal stabiUty, requires existenee of flows gt : X ^ X , 
dg = ht : Y ^ Y , dh = v, such that for the infinitesimal variation C, oi ft = 
htofogt one has Q — T{f) o S, + ly o f . In fact, one has the following lemma. 

Lemma 2.21. Let (W, V, ttvi/; B) be a bundle of geometric objects in the category Qs 
and in the intrinsic sense [63, 64] Let cj) : M.X V V be a one-parameter group 
of transformations of V , — dcj) its infinitesimal generator and s : V ^ W a 
field of geometric objects, i.e. a section of ttw- Then, 4> induces a deformation s 
of s defined by means of the commutative diagram (27). 



(27) 



X K X y ■ 



X V 



w 



X W 



where (p \ 



One has s 



(0,0) 



Then, for the infinitesimal 



variation of s (Lie derivative of s with respect to the integrable field d{s o d) : 
V — > s*vTW , one has: 



(28) 



d{s o d) = d{s o 0) + 9(0) o s 
= T{s) o ^ + v o s. 



Proof. This lemma can be proved by copying the intrinsic proof for the commutative 
case given in [63]. □ 

In our case we can consider the following situation, with respect to Lemma 2.21, 
W = XxY,V = X, B(5a) = hx and s = (tdxj). 

Furthermore, in the case that X is compact, the proof follows the same lines of the 
proof given by Mather for commutative manifolds [49] . □ 



Theorem 2.22. 

Q^iX^Y). 



Stable maps f : X 



Y do not necessitate to be dense in 



Proof. This is just a corollary of the corresponding theorem for commutative man- 
ifolds given by Tliom-Levine [41, 42]. □ 



Recall that a map f : X ^ Y between topological spaces is a proper map if for every compact 
subset K (ZY, f~^(K) is a compact subset of X. 
"'^■^See also Refs.[71] for related subjects. 
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Example 2.23. (Submersions and stability). Let X be a compact quantum su- 
permanifold. Let f : X ^ Y be a quantum differentiable mapping of maximum 
possible super-rank. If m > r > 1, n > s > 1, f is a quantum submersion and it is 
(infinitesimally) stable. 

Example 2.24. (Immersions and stability). Let X be a compact quantum super- 
manifold. Let f : X ^ Y be a quantum differentiable mapping of maximum possible 
super-rank. If m < r , n < s, f is an immersion and if it is 1 : 1 then it is also 
stable. (Not all immersions are stable.) 

Definition 2.25. (Singular solutions of quantum super PDE's). Let tt : W ^ M 

be a fiber bundle, where M is a quantum supermanifold of dimension {m\n) on the 
quantum superalgebra A and W is a quantum supermanifold of dimension (m|n, r\s) 
on the quantum superalgebra B = A x E, where E is also a Z -module, with Z = 
Z{A) the centre of A. 

Let Ek C JD^iW) be a quantum super PDE. By using the natural embedding 
JD^iW) C J^\n^W), we can consider quantum super PDEs Ek C JD^{W) like 
quantum super PDEs Ek C jm\n^^)' ^cnce we can consider solutions of Ek as 
(m\n) -dimensional, (over A), quantum supermanifolds V G Ek such that V can be 
represented in the neighborhood of any of its points q' e V , except for a nowhere 
dense subset ^iV) C V , of dimension < {m — IjrT, — 1), as iV^**'^, where N^'''^ is the 
k-quantum prolongation of a {m\n) -dimensional (over A) quantum supermanifold 
N C W. In the case that S(V) = 0, we say that V is a regular solution of 
Ek C •/m|„(W^)- Solutions V of Ek C J^ini^)' swen if regular ones, are not, in 
general diffeomorphic to their projections TTk{V) C M, hence are not representable 
by means of sections of t: : W M . S(T^) C V is the singular points set of V . 
Then V \ S(T^) ~ [Jr^r is the disjoint union of connected components Vr. For 
every of such components tt^^o ■ Vr ^ W is an immersion and can be represented 
by means of k-prolongation of some quantum supermanifold of dimension m\n over 
A, contained in W . Whether we consider Ek as contained in JD''{W) then regular 
solutions are locally obtained as image of k-derivative of sections of ir : W ^ M . 
So we can (locally) represent such solutions by means of mapping f : M ^ Ek, 
such that f = D'^s, for some section s : M W . 

We shall also consider solutions of Ek C Jm\ni^)' ^"2^ subset V C Ek, that can 
be obtained as projections of ones of the previous type, but contained in some s- 
prolongation Ek+s C i,ttn(^)' * > 

We define weak solutions, solutions V C Ek, such that the set E(T^) of singular 
points ofV, contains also discontinuity points, q,q' G V , with Trk,o{q) = '^k,oW) = 
a G W, or TTk{q) = T^kW) = P £ M. We denote such a set by Y,{V)s C S(y), 
and, in such cases we shall talk more precisely of singular boundary of V , like 
{dV)s = dV\Ti{y)s. However for abuse of notation we shall denote {dV)s, (resp. 
Y,{V)s), simply by {dV), (resp. 11{V)), also if no confusion can arise. 

Definition 2.26. (Stable solutions of quantum super PDE's). Let us consider a 
quantum super PDE Ek C JD^{W), and let us denote Sol (Ek) the set of regular 
solutions of Ek ■ This has a natural structure of locally convex manifold. Let f : 
X ^ Ek be a regular solution, where X <Z M is a smooth {m\n)- dimensional 
compact manifold with boundary dX . Then f is stable if there is a neighborhood 
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of f in SoK Ek), such that each f £ Wf is equivalent to f, i.e., f is transformed 
in f by some integrable vertical symmetries of Ek. 

(29) 




Theorem 2.27. Let Ek C JD''{W) be a k-order quantum super PDE on the 
fiber bundle n : W ^ M in the category of quantum smooth supermanifolds. Let 
s : M ^ W be a section, solution of Ek, and let v : M —5- s*vTW = E[s\ be an 
integrable solution of the linearized equation Ek[s\ C JD^{E[s\). Then to v it is 
associated a flow {(j)x}\^j, where J is a neighborhood ofO G R, that transforms 
V into a new solution V G Ek. 

Proof Let {x°',y^) be fibered coordinates on W. Let v = dyj{v^) : M -> s*vTW 
a vertical vector field on W along the section s : M ^ W . Then i/ is a solution of 
Ek[s\ iff the diagram (29) is commutative. Then D^v{p) identifies, for any p G M, 
a vertical vector on Ek in the point q = D^s{p) € V = D^s{M) C Ek- On the 
other hand infinitesimal vertical symmetries on Ek arc locally written in the form 
(30) 

< = zi°)(y^), z';^^ =dx^ + dysyi 

hi H 

where G Q^^iU C JD'^iW); A{E)), A{E) = Homz{A®z ■ ■ ■ ®z A;E), < 

\a\ r 

\a\ < k. dyfiq) G Homz{A{E);TgJD''{W)), yi,...c,^ G Q^iU;A{E)). Then we 
can see that solutions of Ek[s] are vertical vector fields i/ : M s*vTW = E[s], 
such that their prolongations D''i/ = C ° D'^s, for some vertical symmetry C oi Ek- 
Therefore, the flows of above integrable vertical vector fields, transform regular 
solutions V of Ek into new solutions of Ek- Solutions of the linearized equation 
Ek[s\ give initial conditions for the determination of such vertical flows. □ 

The following lemmas arc also important to understand how the structure of so- 
lutions of Ek [s\ arc related to the vertical symmetries of Ek ■ (For complementary 
informations on the contact structure of see [83].) 
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Lemma 2.28. (Symmetries of horizontal fc-order contact ideals). Let~\ ■ J^^nO^) ~^ 
be a quantum (A:+l)-connection onW , i.e., aQ^ -section ofTTk+i,k- (The 
restriction 0/ ] to J''{W) C ^,jj|„(W^) is also called quantum {k + 1)- connection). 
Let i^fc(]) be the quantum horizontal fc-order contact ideal of ^'{Jm^nO^)) given 
by ^A;(]) =y'^k+i{W), where €k+i{W) is the contact ideal of J^^^,](W). Locally 
one can write S)k(\) ^< ,^^i^,„a^_^, H^^^^^^^^ >, where 

H,...a, =V^i,...a, =Vidyi,...a, - yi^...c.,pdx^) 
= rf2/i....a.-li,...«.,rf^^el7i(J^I„(W^)), 

with M,...c.,p = yi^...a,fi°^ € ^°(JL\ni'^))- ^^iW) IS a subidcal of?). Then the 
quantum horizontal fc-order Cartan distribution Hfc(]) C TJ^^J^W) (identified by 
a (k + 1)- connection 1) is the Cauchy characteristic distribution associated to Sjk(\)- 
0(Hfe(])) admits the following local (canonical basis) 

Ca = dxa + dyjyl 

For any quantum (fc + l)-connection ] on W , one has the following direct sum 
decompositions: 

\ ^t\^{W\ = nk{^\®Homz{S^{TaN)■Va) 



(31) 



with a = ^fe,o(g) e W, 1(g) = [Nt+\ and HfeQ), = TqN^^\ S)k{^f = ilfcd) n 
^^("^m|n(^))- -^^^ connection^ is flat, i.e., with zero curvature, iff the differential 
ideal is closed, or equivalently, iffUkC]) is involutive. If^ is aflat quantum 

(fc -|- \)-connection on W , then one has the following:^^ 



(32) 



£fc(VF) C S)kQ\) as a closed subideal 

Hfe(l) ^ ChariMW. cfiar(.gfe(l)) C s(^fc(l)). 



'^m|ri(^) foliated by regular solutions Z such that S)k{X)\z ~ 0. The leaves of the 
foliation are given in implicit form by the following equations: /^(x", y-' , . . . , yi^_^ ) 
e Bk, 1 1^ L < p-\- q, dim J^-^^^iW) — {p\q) — m\n, where f^ represent a complete 
independent system of primitive integrals of the linear system of PDEs (Ca-f) ~ 0, 
1 < a < m + n, where C,a 'Is a basis (e.g., the canonical basis) of the horizontal 



For a distribution E C TX on a manifold X, wc denote by 0(E) the vector space of vector 
fields on X belonging to E. 

^^Chari^ki])) denotes the characteristic distribution of and c(iar(iifc (] )) the correspond- 

ing vector space of its vector fields. Furthermore, denotes the vector space of infinitesimal 

symmetries of the ideal t)fc(]) is the vector space of vertical infinitesimal symmetries of the 

ideal i^fcd). 
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distribution Hfe(])."'^^ Any C £ s((Hfc(])) has the following local representation: 

(33) <^ 

i +--- + dyf-'^''{u...uy'). 

for any choice of x" G Q^{U C J^^^{W),A), l<a<m + n, and G QSf (f/ C 

Jrn\J^)^E)' 1 < J < + S, such that 

( (Ca,...Ca..r^)= (%.?c,...aJi"' + (a2/7-?a,...oJ(C7-5"0 

(34) <^ 

[ +--- + (5y?-"^?.,...aJ(C7.---C...rO. 

The space s(jOfc(])) admits the following direct sum decomposition: 

where Da;(]) is the collection of all vectors of the form 

r e - C - Ca(^") = dy,{Y^) + dy^^iCa.Y^) + dyf {(^^(^p.Y^) 

(35) <^ 

I +-.- + ay;-"'-(Ca,...Ca..r^'), 

/or any choice of Y^ G Q^{U C >^m|„(W^)) 1 < J < + S; smc/i </iai conditions 
(34) are satisfied. s{Sjk{])) is a Lie algebra that admits the subalgebra c)(Hfc(])) as 
an ideal. 

The general local expression for the symmetries of the (TO|ri)-dimensional involutive 
Cartan distribution E^oiW) C TJ^^^{W), can be also obtained by equations (33) 
with all fc > 0, and forgetting conditions (34).^^ So we get the following expression 
forCes(E»|JW^)): 
(36) 

da = dXa + Er>0^yr ""(y^ai-'-aJ 

Yi,...a^ = (da, ■ ■ ■ d^^.Y^), Y^ G Q^{U C JqjW^), E), l<j<r + s. 

Then the canonical splitting T,jq„(M^) - (E- „(M^)), i^T, J^JM^), q G J:^„(W^), 
gives the following splitting in s(E^|„(VF)) = d{E^^jW)) © Ooo, C = Co + with 
Co = daiX") and (,„ = I]r>o 52/"'"'""(^ai - Q J, where y^j.-.a^ are given in (36). 

Definition 2.29. Let Ek C Jm\rX^)' where n : W ^ M is a fiber bundle, in 
the category of quantum smooth supermanifolds. We say that E^ is functionally 
stable if for any compact regular solution V C E^, such that dV = -/VolJPlJiVi 
one has quantum solutions V C J^j^iW), s > 0, such that TTk+s,o{No[J Ni) = 

T^kANo [jNi)=XcW, where dV = NqUPUNi- 

^^A (local) section s of n identifies a flat (local) {k + l)-connection ~\ai...ai,j^i = 

fact the Cartan distribution on 7°°, (W) can be considered an horizontal distribu- 
tion induced by the canonical connection identified by the local canonical basis Ca = dxa + 
T,\i3\>Qyii3dyj just generating E-^^^{W). 
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We call the set fl[V] of such solutions V the full quantum situs ofV. We call also 
each element V G fl[V] a quantum fluctuation of V }^ 

Definition 2.30. We call infinitesimal bordism of a regular solution V C C 
JD'^{W) an element V £ ^[V], defined in the proof of Theorem 2.27. We denote by 
f2o[^] C i^[V] the set of infinitesimal bordisms ofV. We call ^o[V] the infinitesimal 
situs ofV. 

Let Ek C •^m|„(W^)> where n : W M is a fiber bundle, in the category of 
quantum smooth supermanifolds. We say that a regular solution V C Ek, dV ~ 
iVoljPljA^i, is functionally stable if the infinitesimal situs ^o\V] C ^\V] of V 
does not contain singular infinitesimal bordisms. 

Theorem 2.31. Let Ek C J^|„(M^), wh ere tt : W M is a fiber bundle, in the 

category of quantum smooth supermanifolds. If Ek is formally integrable and com- 
pletely integrable, then it is functionally stable as well as Ulam-extended superstable. 
A regular solution V C Ek is stable iff it is functionally stable. 

Proof. In fact, if Ek is formally integrable and completely integrable, we can con- 
sider, for any compact regular solution V C Ek, its s-th prolongation V^'^'^ C 
{Ek)+s C J^i^niW). Since one has the following short exact sequence 

(37) ^it^:-! " — - 

( E ) 

where (resp. flrn~i\n^i{{Ek)+s)), is the integral bordism group, (resp. 

quantum bordism group), we get that there exists a solution V C J^^^iW) such 
that 

^0 U ^i; dv^"'^ = N^'^ u U 



(38) 




Then, as a by-product we get also: Trk+s,o{No U -^i) = ''■fc,o(-^o U ^i) ^ There- 
fore, Ek is functionally stable. Furthermore, Ek is also Ulam-extended superstable, 
since the integral bordism group ^^'Lx|n-i ^'^^ smooth solutions and the integral 
bordism group 

s for singular solutions, are related by the following short 

exact sequence: 

(39) — ^ li^" , I , — ^ n'^" , I , — r^^" , , — ^ 0. 

^ ^ m — 1 1 n — 1 , s 7n — 1 1 n — 1 7n~l\n—l,s 

This implies that in the neighborhood of each smooth solution there are singular 
solutions. 

Finally a regular solution V C Ek stable iff the set of solutions of the correspond- 
ing linearized equation £'fe[V^] does not contains singular solutions. But this is just 
the requirement that i7o[^] does not contains singular solutions. Therefore, V is 
stable if it is functionally stable and vice versa. More precisely if / = D'^s : X ^ Ek 



^®Let us emphasize that to n[V] belong also (non necessarily regular) solutions V' C E/, such 

that U ^{ = ^^0 U ^1. where dV = A^^ U -P' U ^( ■ 

"'^^Here the considered bordism groups are for admissible non-necessarily closed Cauchy 
hypersurfaces. 
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is a stable solution of Ek, then there exists an open set Ws C Sol i Eh) such that for 
any s' € Wg, s' is equivalent to s.^° Let us consider the tangent space T^ Sol (Ek)- 
One has the following isomorphism 
(40) 

TsSoLiEk) = {Ce iQ^UiD'^syvTEk) \ 3^ G T,Q^iW),C= \koD''^] - no[V] 

where \k is the canonical isomorphism JD''{s*vTW) = {D^ s)* vT J {W) ^ and 
V = D^s{X) C Ek- Since Ws is open in Sol (Ek), one has also the following 
isomorphism Tg'Ws = Tx Sol (Ek)- Thus also to s' there correspond vector fields 
C S Ts/VF., that must be regular ones, i.e., without singular points. Therefore i7o[^] 
cannot contain singular solutions, hence V is functionally stable. Vice versa, if V 
is functionally stable, then we can find an open neighborhood Ws C Sol (Ek) built 
by perturbing V with all the flows induced by the regular vector fields belonging 
to rio[^]- This set is an open set of Ws C Sol (Ek) since its tangent space at any 
of its point s' is isomorphic to T^' SoU Ek), since this last is isomorphic to JloiV']. 
Furthermore, any two of such points of such an open set are equivalent since they 
can be related both to s by local diffeomorphisms. Therefore, V that is functionally 
stable, is also stable. □ 

Remark 2.32. Let us emphasize that the definition of functionally stable quantum 
super PDF interprets in pure geometric way the definition of Ulam superstahle 
functional equation just adapted to PDE's.^^ 

Definition 2.33. We say that Ek C JD''{W) is a stable extended crystal quantum 
super PDE if it is an extended crystal quantum super PDE that is functionally stable 
and all its regular quantum smooth solutions are (functionally) stable. 
We say that Ek C JD'^iW) is a stabilizable extended crystal quantum super PDE if 
it is an extended crystal quantum super PDE and to Ek can be canonically associated 
a stable extended crystal quantum super PDE '^^^ Ek C JD^^'^iW). We call '^^^ Ek 
just the stable extended crystal quantum super PDE of Ek ■ 

We have the following criteria for functional stability of solutions of qunatum super 
PDE's and to identify stable extended crystal quantum super PDE's. 

Theorem 2.34. (Functional stability criteria). Let Ek C JD^[W) be a k-order 
formally integrable and completely integrable quantum super PDE on the fiber bundle 
TT-.W M. 

1) // the symbol cjk = 0, then all the quantum smooth regular solutions V C Ek G 
JD'^iW) are functionally stable, with respect to any non-weak perturbation. So Ek 
is a stable extended crystal. 

2) Lf Ek is of finite type, i.e., (jk+r = 0, for r > 0, then all the quantum smooth 
regular solutions V C Ek+r C J D^'^'^ {W) are functionally stable, with respect to 
any non-weak perturbation. So Ek is a stabilizable extended crystal with stable 
extended crystal ^^^Ek = Ek+r. 

3) IfV<Z [Ek)+oa C JD°°{W) is a smooth regular solution, then V is functionally 
stable, with respect to any non-weak perturbation. So any formally integrable end 

^"Recall that (^) has a natural structure of quantum smooth supcrmanifold modeled on 
locally convex topological vector fields. Sol (Ek-) is a closed submanifold of Sol (Ek-) C Q^{W). 
(For details see ref. [71].) 

^^For informations on the Ulam stability see Refs.[33, 98, 122]. 
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completely integrable quantum super PDE Ek C JD'^{W), is a stabilizable quantum 
extended crystal PDE, with stable quantum extended crystal PDE ^^^Ek ~ (£'fc)+oo- 

Proof. Wc shall use the following lemmas. 

Lemma 2.35. Let Ek C JD'^lW) be a formally integrable and completely inte- 
grable quantum super PDE the fiber bundle tt : W ^ M . Then for any quantum 
smooth regular solution s : M W , one has the following canonical isomorphism: 
{Ek[s])+h = {{Ek)+h)[s],yh>\,^. 

Proof. In fact one has the following commutative diagram. 



r {Ek[s\)+h = JD''iiD''s)*vTEk)r\JD''+Hs*vTW) 

I ^ {D^'+''s)*vTJD''{Ek)r\iD''+''s)*vTJD''+''{W) 

= {D^+^s)*vT (^JD^{Ek) n JD^+^iW)^ 

= {D^+^srvT{{Ek)+H)^{{Eu)+HM. 

□ 



Lemma 2.36. Let Ek C JD^{W) be a formally integrable and completely integrable 
PDE the fiber bundle it : W M . Let gk ~ 0. Then also the prolonged equations 
{Ek)+r, Vr > 1, oo, have their symbols zero: {gk)+r = 0, Vr > 1, oo. 

Proof. In fact, from the definition of symbol and prolonged symbols, it follows that 
the prolonged symbols coincide with the symbols of the corresponding prolonged 
equations. □ 

1) This follows from Lemma 2.35 and from the fact that if = is also gk[s] = 0. 
This excludes that Ek[s] could have singular solutions. Furthermore, Lemma 2.36 
excludes also that there are singular (nonweak) solutions in the prolonged equations 
Ek[s]+r, Vr > 1, oo. 

2) If Ek is of finite type, with gk+r = 0, then it is also gfc+r.[s] = 0. Then Ek+r[s] 
cannot have singular (nonweak) solutions. 

3) Eoa has zero symbol, hence also i?oo[s] has zero symbol and cannot have singular 
(nonweak) solutions. 

(So the proof follows the same lines drawn for commutative PDE's.) □ 

Theorem 2.37. (Functional stable solutions and (fc + l)-connections). Let Ek C 
J^I^(VF) be a formally integrable and completely integrable quantum super PDE. Let 
~\ be a quantum flat (k + l)- connection, such that~\\jj,^ is a Q'^ -section of the affine 

fiber bundle iTk+i.k '■ {Ek)+i — Ek ■ Then, the sub-equation '^Ek C Ek identified, 
by means of the ideal S^(\)\j^^, is formally integrable and completely integrable sub- 
equation with zero symbol ^(jk- Then ^Ek C Ek is functionally stable and Ulam- 
extended superstable. Furthermore any regular quantum smooth solution V G^Ek 
is also functionally stable in ^Ek, with respect to any non weak perturbation. 

Proof. In fact, one has the commutative diagram (42) of exact lines. 
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(42) " n^-i\n-i{m+s) 



^L^.±L, an-l|„-l(04.)+.) 





Furthermore, since gk = 0,^Ek is of finite type, hence its smooth regular solutions 
arc functionally stable. □ 

Taking into account the meaning that connections assume in any physical theory, 
we can give the following definition. 

Definition 2.38. Let Ek C </^|n(^) a formally integrable and completely inte- 
grable quantum super PDE. Let ^ he a flat quantum (k + 1)- connection, such that 
]|^^ is a Q'^ -section of the affine fiber bundle TTk+i^k '■ (^fc)+i — > Ek ■ We call the 
couple {Ek,~\) a polarized quantum super PDE. We call also polarized quantum 
super PDE, a couple (Ek,'^Ek), where Ek C Ek, is defined in Theorem 2.37. We 
call 1 Ek a polarization of Ek • 

Corollary 2.39. Any quantum smooth regular solutions of a polarization of a 
polarized couple {Ek,'^Ek), is functionally stable, with respect to any non-weak per- 
turbation. 

Theorem 2.40. (Finite stable quantum extended crystal super PDE's). Let Ek C 

JD'^iW) be a formally integrable and completely integrable quantum super PDE, 
such that the centre Z{A) of the quantum superalgebra A, model for M, is Noether- 
ian. Then, under suitable finite ellipticity conditions, there exists a stable extended 
crystal quantum super PDE ^'^■'iSfc canonically associated to Ek, i-c, Ek is a stabi- 
lizable extended crystal. 

Proof. In fact, we can use the following lemma. 

Lemma 2.41. (Finite stability criterion). Let Ek C JD''{W) be a formally inte- 
grable and completely integrable quantum super PDE, such that the centre Z{A) of 
the quantum superalgebra A, model for M , is Noetherian. Then there exists an in- 
teger So such that, under suitable finite ellipticity conditions, any regular quantum 
smooth solution V C {Ek)+so is functionally stable. 

Proof. On the assumption that Z{A) is Noetherian, the proof can be conduced by 
following the same lines of the commutative case. (See [88].) □ 

Let us, now, use the hypothesis that Ek is formally integrable and completely 
integrable. Then all its regular quantum smooth solutions are all that of {Ek)+so- 
In fact, these are all the solutions of {Ek)+oo C JD°°{W). However, even if a 
smooth regular solution V C Ek, and their sg-prolongations, c {Ek)+so, are 

equivalent as solutions, they cannot be considered equivalent from the stability 
point of view !!! In fact, Ek can admit singular solutions, instead for (i?fc)+so these 
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are forbidden. Therefore, for Ek[s] singular perturbations are possible, i.e. are 
possible infinitesimal vertical symmetries of Ek , in a neighborhood of the solution 
s, having singular points. Instead for {Ek)+so[s] solutions are without singular 
points, hence s considered as solution of {Ek)+so necessitates to be functionally 
stable. 

By conclusions, Ek, under the finite ellipticity conditions is a stabilizable extended 
crystal quantum super PDE, and its stable extended crystal quantum super PDE 
is ^^^Ek = {Ek)+so7 for a suitable finite number sq. □ 

Remark 2.42. With respect to a quantum frame [77, 83, 84], we can consider the 
perturbation behaviours of global solutions for t oo, where t is the proper time 
of the quantum frame. Then, we can talk about asymptotic stability by reproducing 
similar situations for commutative PDE's. (See Refs.[86, 91].^ In particular we can 
consider the concept of "averaged stability" also for solutions of quantum (super) 
PDE's. With this respect, let us recall the following definition and properties of 
quantum (pseudo)Riemannian supermanifold given in [77, 85]. 

Definition 2.43. [77, 85] A quantum (pseudo)Ricmannian supermanifold (ALA) 
is a quantum supermanifold M of dimension {m\n) over a quantum superalgebra A, 
endowed with a Q'^ section g : M ^ Homz(TM ®z TM ; A) such that the induced 
homomorphisms TpM (TpM)~^ , \/p € M , are infective. 

Proposition 2.44. [77, 85] In quantum coordinates g{p) is represented by a matrix 

2 2 2 2 

9afj{p) S ^oo(^) X Aiq{A) X Aqi[A) X Aii{A). The corresponding dual quan- 

2 2 2 2 2 

tum metric gives g^^ip) € x A^°{A) x A°\A) x A^\A), with A'^A) = 

Homz{A;Ai (i)z Aj), i,j E Z2, such that g^p{p)g°'^{p) ^ S'^ E A, g^^ {p)g^fj{p) = 
e Homz {A^z A;A^z A). 

In fact we have the following definition. 

Definition 2.45. Let E^ C JD''{W) be a formally integrable and completely inte- 
grable quantum super PDE on the fiber bundle tt : W ^ M , and let V = D^s{M) C 
Ek be a regular smooth solution of Ek. Let ^ : M — Ek[s\ be the general solution of 
Ek[s\. Let us assume that there is an Euclidean structure on the fiber of E[s\ — > AI . 
Let {ip : R X N ^ N;i : N ^ AI) be a quantum frame [77, 83, 84] . Then, we 
say that V is average asymptotic stable, with respect to the quantum frame, if the 
function of time p [i] (t) defined by the formula: 

has the following behaviour: < p[i]{t) >~< p[i]{0) > e~'^* for some real number 
c > 0. Here Bt = Ntf]supp(i*S.^), where N = UteT-^*' fiber structure 

of N , over the proper-time of the quantum frame, and the cuspidated bracket < 
, > denotes expectation value, ( or evaluation with respect to any quantum state of 
the corresponding quantum (super) algebra). We call tq ~ I/cq the characteristic 
stability time of the solution V. //tq = 00 it means that V is average instable.^^ 



In the following, if there are not reasons of confusion, we shall call also stable solution a 
smooth regular solution of a quantum super PDE C J-D*(VF) that is average asymptotic 
stable. In this paper, as specified in Lemma 2.8, we shall in general assume that the fiber bundle 
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We have the following criterion of average asymptotic stability. 

Theorem 2.46. (Criterion of average asymptotic stability). A regular global smooth 
solution s of Ek is average stable, with respect to the quantum frame (^/; : R x iV — > 
N;i : N ^ M), if the following conditions are satisfied: 

(44) < p[i](f) > < -c < pH(t) >, cgM+,V<. 

where 

and 

Here i*£^ represents the integrable general solution of the linearized equation Ek[s\i\ 
of Ek at the solution s, and with respect to the quantum frame. Let us denote by Cq 
the infimum of the positive constants c such that inequality (44) is satisfied. Then 
we call To = I/cq the characteristic stability time of the solution V. If tq — oo 
means that V is unstable.^^ 

Furthermore, Let s be a smooth regular solution of a formally integrable and com- 
pletely integrable quantum super PDE Ek C JD (W), where it : W M . There 
exists a differential operator V[s\i]{S,) , on n : E[s\i] = i*{s*vTW) — >■ N, canonically 
associated to the solution s, and with respect to the quantum frame, such that s is 
average stable in Ek, or in some suitable prolongation {Ek)+h, k + h = 2s > k, if 
the following conditions are verified: 

(i) 7^[s|*](C) self-adjoint (or symmetric) on the constraint 

(47) {Ek)i+r)[s\i]cJb''+'^{E[s\i]), 
for some r > 0. 

(ii) The smallest eigenvalue Ai = Xi{t) of V[s\i]{^) is positive for any t €z T and 
lower bounded: Ai > Ai > 0. 

Furthermore, average stability can be also translated into a variational problem 
constrained by (i?fe )(+/,) [s], for some h > 0, such that k + h = 2s. 

Proof. We shall use Theorem 2.27 and the following lemma. 

Lemma 2.47. (Gronwall's lemma) [27] Suppose f(t) is a real function whose deriv- 
ative is bounded according to the following inequality: ^ < g{t)f + h{t), for some 
real functions g{t) and h[t). Then, f(t) is bounded pointwise in time according to 
fit) < /(0)eG(*) + e«(*-«)/i(5)d5, where G{t) = g{r)dr. 

Then a sufficient condition for the solution V stability, with respect to the quantum 
frame, is that inequality (44) should be satisfied. In fact it is enough to use Lemma 
2.47 with g{t) = ~c and h{t) = 0, to have < p[i\{t) >=< p[z](0) > e'^K 

TT : — > M, in the category 2)5, has dimA M = m\n and dims W = (m\n, r\s), with respect to a 
quantum superalgebra B = A X E, where i? is a quantum supcralgebra that is also a Z-module, 
with Z = Z{A) the centre of A. Therefore, i*^^ is a S-valued function on N and the expectation 

value < > is a numerical function on A^. Similar remarks hold for < p > and < P[i](t) >. 
^■^To has just the physical dimension of a time. 
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Furthermore, condition (44) is satisfied iff 



(48) im^{^2l <^ + a*C,**C>'7) >0, 



Bt 



for some constant c > and for any intcgrablc solution i*^ of ijfe[s|i]. (The large 
cuspidated brackets <,> in (48) denotes expectation value) So the problem is 



converted to study the spectrum of the differential operator, 'P[s|«](C) = on 
Tf : i?[s|i] — constrained by {Ek)[+r)[s\, for some r > 0, since -P[s|i](^) is of 
order > k. If this is self-adjoint, (or symmetric), it follows that it has real spectrum 
and the stability of the solution is related to the sign of the smallest eigenvalue.^''' 
If such an eigenvalue \i{t) is positive, \/t G T, and Ai = infigTAi(t) > 0, then 

the ratio < — p[i](<) > / < p[«](t) > is higher than a positive constant, hence the 
solution s is average stable. In fact, we get 



(49) 



= isMiit) - Xi)^*ev = (Ai(t) - Xi)js, ^*ev 

for any t G T. Thus we have also, (for any Jg^ i*^^?/ ^ 0), 



(50) =(A,(t)-AO >0 ^ ^4#^>Ai, WGT. 

So condition (44) is satisfied, hence the solution s is average stable. In order to 
complete the proof of Theorem 2.46, let us emphasize that in general V[s\i]{£,)-'Ci*£, 
is not identified with the quantum Euler-Lagrange operator for some quantum 
Lagrangian. In fact, in general, the differential order of such an operator does 
not necessitate to be even. By the way, since Ek is assumed formally intcgrablc 
and completely integrable, we can identify any smooth solution V C Ek, with 
its ^.-prolongation V^'''> C jb''+^{W), such that k + h = 2s. Thus the problem of 
average stability can be translated in a variational problem, constrained by solutions 
of {Ek)+{h)[s\i]. 

(51) |-^ = 2A(t)re, Fi[s|i]=0, 0< |a| </i, fc + /i = 2s| 

I J t=const 

on the fiber bundle tt : E[s\i] = i*{s*vTW) —5- A^. Here ^'■^[s|i] = are the 
equations encoding £'fc[s|«]. This can be made not only locally but also globally. In 
fact one has the following lemmas. (See for the terminology [80, 94] and references 
quoted there.) 

Lemma 2.48. [94] Let tt : W ^ M , a fiber bundle in the category Qs, dim^ M = 
m\n, dims W = (m|n, r|s). Let L : ^^|„(W) — > A fee a k-order quantum Lagrangian 

function and 9 = Li] e f7™+"(J^ ,„(iy)), locally given by 9 = Ldx^A •'^^da;™+" = 



^^Really it should be enough to require that 'P [s | i] is a symmetric operator in the Hilbert space 
Ht, canonically associated to -©[sjlsf In fact the point spectrum Sp(A)p of a symmetric linear 
operator A on Ht is real Sp{A)p C M. (This is true also for its continuous spectrum: Sp{A)c C M.) 
In our case it is enough that 'P[s|i] should symmetric on the space of _B(;[s|j] solutions. However, 
it is well known in functional analysis that every symmetric operator has a self-adjoint extension, 
on a possibly larger space [16]. 
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lji<t o c?x^ A • • • Ada:'"^", where (x", y^) are fibered quantum coordinates on W , and 
/t* : Tq"^"(j4) — >■ A is the Z -homomorphism induced by the product on A. Then, 
extremals for 6, constrained by E^, are solutions f : X Ek, with X a quantum 
supermanifold of dimension m\n with respect to A, such that the following condition 
is satisfied: 

(52) ( E 

\l<j<r+s 

for any v = v^dyj, solution of the linearized equation of E^ at the solution s. In 
particular, if Ek ~ j^|„(W^)), then extremals are solutions of the following equation 
(quantum Eulcr-Lagrange super equation) ; 

□ 

3. SUPERGRAVITY YANG-MILLS PDE's IN Og 



0<|i|<fc 



-i)i'ia, 




(53) m c j'xm : 

This completes the proof. 



In a previous paper we have encoded quantum supcrgravity as suitable quantum 
super Yang-Mills PDE's. Nowadays, there arc experimental evidences that nu- 
clides can be considered as quark-gluon plasmas. For example, in order to justify 
spin-nuclides, it is not enough to consider them as simply made by quarks. In 
fact, collective effects appear necessary to justify nuchdes properties. (See, e.g., 
Refs. [11, 12, 104].) With this respect, we shall encode nuclear nuclides with 
suitable quantum supcrgravity Yang- Mills PDE's as formally introduced in [95]. 
Then stable nuclides are stable solutions with mass-gap. An existence theorem for 
solutions with mass-gap is given. A quantum super partial differential relation, 
(Goldstone) , (quantum Goldstone-boundary) , contained in a quantum super Yang- 
Mills equation, having the property to create, or destroy, mass is recognized and 
characterized. (Goldstone) bounds an open constraint (Higgs) C (YM), where 
live all the solutions with mass-gap. A stable quantum super PDE, where all the 
smooth solutions have mass-gap and are stable in finite times, is obtained. 
Let us introduce some fundamental geometric objects to encode quantum supcr- 
gravity. (See also our previous works on this subjects that formulate quantum 
supcrgravity in the framework of our geometric theory of quantum super PDE's 
[75, 80, 83, 90, 92].) The first geometric object to consider is an affinc jTi-dimcnsional 
Minkowsky space-time (A^, N,a;f/), where N is a m-dimensional M-vector space, 

endowed with am hyperbolic metric g G S'2(N), with signature (-I-, ■■■)■ 

a : N X iV ^ iV is the translation mapping. Then, we consider also a quantum 
Riemannian (super)manifold, (M,g), of dimension m, (mjn), with respect to a 
quantum algebra A, where g : M ^ Homz(T^M;A) is a quantum metric. We 
shall assume that M is locally quantum (super) Minkowskian, i.e., there is a Z- 
isomorphism, (quantum vierbein): 



(54) 



0(p) : TpM ^ A(g,RN,ype M, 
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where TpM is the tangent space at p G M to M . Equivalently a quantum vierbein 
is a section 9 : M ^ Homz{TM;E) = E ®^ iTM)+, where E is the trivial fiber 
bundle n : E = M x A^nN. Let us denote by g induces a ^-valued scalar product, 
g, on A (^ji N, given by g{a (g) m, 6 (g) u) = ab g{u, v) G A. By using the canonical 

splitting Homz {f§ {A®rN]A)'^ Homz (S'^ (A ®r N; A) © Homz (Ag ( A (8)r N; A) , 
we get also the split representation g ~ g^^^ + .9^^^ More precisely one has 

(55) |^^^(a® u,&(g)u) = [a,6]+g(u,w), g^^^{ai^u,b(»v) = [a,b]^g{u,v). 

Furthermore, if (e^) is a basis in N, and (e^) is its dual, characterized by the 
conditions e^e^ = S^, let us denote respectively by (f O e^) and ((1 e '')"'") the 
induced dual bases on the spaces A Or N and {A Or N)"*" respectively. Then one 
has the following representations 



(56) 



2 
2 

3(a) = i(a)«'3(l ® e")+A(l e'3)+, 5^^^,^ e A . 



By means of the isomorphism 0*^, we can induce on M a quantum metric, i.e., 
the quantum Minkowskian metric of Af, g = g o 9® . Conversely any quantum 
metric g on M, induces on the space A ®r N, scalar products, for any p g M: 
g{p) = 'g{p) o {9®{p))~^. As a by-product, we get that any quantum metric g on 
M, induces a quantum metric on the fiber bundle ir : E M, that we call the 
deformed quantum metrics oi n : E ^ M. Therefore, when we talk about locally 
Minkowskian quantum manifold M , we mean that on M is defined a Minkowskian 
quantum metric. Since Homz{TM ; A Or N) = A ®r N ®^ (TAI)^, wc can locally 
represent a quantum vierbein in the following form: 

(57) ^= f^(g)^f dx", 

where I <Si ep Cz Homz {A; A(E)k.'N), is the full quantum extension of a basis (eQ)o<Q<m-i 
of N, i.e., f^~ea(a) = a (g) e^. Furthermore, 9^{p) £ A. Then, ii ( : M ^ 
TM = Homz{A;TM) is a full quantum vector field on M, locally represented by 
C = dXaC"y get that its local representation by means of quantum vierbein, is 
given by the following formula: 

(58) ^(c) = f®^^fr, 

where the product is given by composition: 

(59) ^ A ^A '-^A®z^ 

(For abuse of notation we can also denote 9{C^ by C yet.) Whether g = 'gaf}dx°'®dx^ , 
is the quantum Minkowskian metric of M, then its local representation by means 
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of the quantum vierbein is the fohowing: 

5 = gaudx" ® dx^ 



(60) 



where 9^ (g) 9Z{p), can be identified with 9^ ® 9Z{p) e Homzit§iAy,tg{A)). In 
fact, one has the fohowing extension 0® of 9: 



(61) 



e Homz{TM ®z TM; {A ®k N) (g)z (A Or N)) 

+ 



[ =(A®RN)®z(A®RN)(g)^(rM«)zTM) 
Locahy one can write 

(62) 9'^ ^ {1(g) e^J^Xl (g) e^) ®9l®9'^p dx" ® dx'^. 
In fact, we have 

(63) aico^di^po^aCi^^ozn = ^fr^zr giep^e,) = ^fr^zr <? 



In the particular case that (ep) is an orthonormal basis, then we get the following 
quantum Minkowskian representation for g 



(64) 



( 1 



V 











\ 




-1 / 



The sphtting in symmetric and skew-symmetric part of ^, i.e., 
(65) g = + 5(a) = gap dx" • dx'^ + gap dx°'Adx^ 

can be written in term of quantum vierbein in the fohowing way: 



(66) 



^® = (1 ® e^) ® (1 ® e„) (8)^2 



. 6*^ dx° 



61^ = (1 ® e^) (g) (1 (g e„) (g9l(g9'^ dx"Adx^ 
?(.)(C, = [^"^C", ^2;r]+ 9is)au ^OP'0Z gp^ 

[ ?(a)(C,e) = [9iC,",9Zi'^]-g,,,^9(a)au.^9iA9Zg, 



Ifj^j ' ^\a)auj "a""iA} ^jj^- 

Conversely, the local expression of the quantum deformed metrics on t: : E M , 
induced by a quantum metrics g on M, is given by the following formulas: 



(67) 



-1 = (^0)-l + (0A)-l 

(^©)-i =dxa»dxp®9':^g 

(^^)-i ^dxa/\dxp®9'^® 



(1 ® eT)+ • (1 ® e'^)+ 
(1 ® eT)+A(l (g) 6^^)+ 



5(.) (C" ^ea,^P(gep)= ?(,) [^2C" , O^p^^] + , 
5(a)(r ® ea,C^ ® ep) = disMOlC.d^p^^]-. 



9(s)aP = g{s)iui9'l_ • 6*^ 
■9(a)aP = g(a)-iJl^^'p 



In the particular case that g is Minkowskian, then we can use for g-fu, 9(s)-yuj 
and g(a)-yLii the corresponding expressions in (60), and by using the property that 
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O^^ei = (5°, we get g^^ = = g^^^^^ and gi^a)iu^ = i(„)7'^- The con- 

trovariant full quantum metric g oig : M ^ Homz{TQM; A) is a section g : M ^ 

Homz{A;T^Ad) such that the following conditions are satisfied: 

(68) 

J ^=dXo,® 9x/35"^, ? = ffTo^rf^T (g) da", e Homz{A- A ®z A), g^pip) e A 

[ 9-,u.{p)PHp) = <5£ e R c 1, P^{p)g-,^{p) = 5^ e R c Homz{A ®z A- A ®z A). 

The products in (68) are meant by composition: 
(69) 

.^A A®zA '^^^'^ : A ?:!^A^zA. 



5" 5f 

In the commutative diagram (70) it is shown the pairing working between the fiber 
bundles {t^M)+ and t^M over M. 



m\n. 



Homz{fiM-f^M) = fgM^^{f^M)+ — - M x A 
In particular, one has: 

(71) -<5,5>.-rt„, = -<5^^1^- = l^- ^Vn, dim^Af = 

It is direct to verify that g"^ = (^Z ® d^g'^^ is the controvariant expression of the 

full quantum metric Tjap — 92^® Opg^^, when g'^'^ is the controvariant one of g^^. In 

other words if 9^g<t"^ = 6^, then ga-yd"'^ = 5^- This means that the full quantum 
metric 5, induced on A ®k N by g, is not degenerate, i.e. one has the following 
short exact sequence: 

(72) ^A«)rN ^(Acx)rN)+. 

In fact, one can see that kerC^) ~ {0}. Really, 'g{a ® v){b (g) u) = abg{v,u) ~ 0, 
for all 6 S A and it € N iff a = or w = 0. In fact we can take 6=1 and u any 
vector of N. So, since g is not degenerate, it follows that cannot be g{v,u) = 0, 
for a non zero v, and Vu G N. The nondegeneration of g induces also the following 

isomorphism A ®r N = (A (8)r N)+. 

Definition 3.1. (Quantum SG-Yang-Mills PDE's). A quantum supergravity Yang- 
MiUs PDE, (quantum SG-Yang-MiUs PDE), is a quantum super Yang-Mills PDE 
where the quantum super Lie algebra q in the configuration bundle t: : W = 
Homz{TM;Q) M is a quantum superextension of the Poincare Lie algebra and 
admits the following splitting of vector spaces: 

(73) = 0® + 0© + 051 

where g@ ~ A(2)rN, (resp. is the quantum superextension of the Lorentz part of 
the Poincare algebra). Here A is a quantum (super) algebra on which is modeled the 
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quantum (super)mamfold M , and N is the A- dimensional Minkowsky vector space. 
Furthermore, one assumes that there exists a non-degenerate metric g on g. Taking 
into account the canonical splitting: 

(74) Homz{TM-Q) = HomziTM; q@) x Homz{TM;g@) x Homz{TM; g>^) 

we get that the fundamental field fi : M W , in a quantum supergravity Yang-Mills 
PDE, admits the following canonical splittingp'^ 

(75) A = /i® + A© + Aif ■ 

Definition 3.2. We say that fi is non-degenerate i/A® identifies, for any p e M, 
an isomorphism fi@{p) '■ TpM = A(8)rN, hence A® can be identified with a quantum 
vierbein on M: A® = 0. Then we define fL@, (resp. A©, resp. fiq*), the vierbein- 
component, (resp. Lorcntz-component, resp. deviatory-componentj, of jl. 

Definition 3.3. Similarly to the quantum connection jl, i.e., the fundamental quan- 
tum field, we get the following splitting of the quantum curvature: 

(76) R = @R + @R+^R. 

We call also quantum torsion the component @R of the quantum curvature. With 
this respect the (gifi- component of the quantum field equation is also called quantum 
torsion equation. 

Tileorem 3.4. (SG- Yang-Mills PDE's) The dynamic equation (YM) for a second 
order SG- Yang-Mills PDE assumes in quantum coordinates the expression reported 
in Tab.l. In Tab. 2 there is also its unified expression?'^ 



Tab.l - Quantum Dynamic Equation {Y ]\^)(ZJ {^^) and Quantum Bianchi identity. 


Quantum fields equation 


(d@[j.j^.L)-aB(d®ij.jf.L)=0 

{^quantum curvature- Lorentz equation^ 

(^quantum curvature-verhein equation^ 
{d^f4.L)~dBid^f4'' .L)=0 

(^quantum curvature- deviatory equatiorij 


Quantum Bianchi identity 


{dxH.®R'^B) + h®Cf,,[p.'H,R'AB\ + =0 


Quamtum fields 


®RBA = (dxB-®iiA)+®C?.j[[l.B,i^''A\ + 

{quantum, verbein-curvature) 

®RBA = i9xB.®iiA) + ©C^jlfi'B:f^A] + 

{quantum Lorentz- curvature) 
{quantum deviatoty- curvature) 



25We shall use also the following notation /i = (g/i-|-@/t-|~5,/t, that can be useful when one 
must add some indexes, e.g. 

^^For example for the case of quantum gravity- Yang-Mills PDE, corresponding to systems 
considered in Example 3.9, one obtains a quantum gravity with quantum torsion. 
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Proof. Let {Zk G Homz{A; g)) be the basis for the quantum extension g of g. Let 
us denote (Zk) ~ {©Zr^ ©Zs, (bZt) the spht induced by the one in (74). Similarly 
we get an induced notation on the quantum structure constants: 

(77) [Zi,Zj]^@Cfj@ 

Then this property is represented, in local quantum coordinates, by the fact that 
in the following formula 

(78) (i = Zk® ftAdx"^ = @Zr ® ^fiAdx"^ + ©Zs ® ©/i^da;^ + 5,Zt ® <i,ix\dx^ 
one has (®Aa(p)) G GL(1;4). 

The curvature, corresponding to /t, can be locally written in the form: R = 
Zk ® R^Edx^Adx^ , with = {dxEfj-A) + C'/j[Ai3i Aa] + - The quantum cur- 

vature also admits the splitting induced by the quantum lie algebra, as well as 
the corresponding Bianchi identities. Furthermore, we shall assume a first order 
quantum Lagrangian L : JD{W) A, L o Ds = ^Rab^k^ ^ G Q^{W),^'^ 
The local expression of (YM) is given in Tab. 2. Note that the quantum super 
Yang-Mills equation is now {dfi'^.L) — {dsidfij^^ .L)) = 0. Furthermore, it results 
(dfl^.L) = [C^j^fl^, and [dfij^^ .L) ~ R'^^. (For more details on quantum 

gauge theories see also Refs.[71, 77, 85, 92, 94, 95].) □ 

Remark 3.5. So in a quantum SG-Yang-Mills PDE, the quantum Riemannian 
metric g is not a fundamental field, but a secondary field, obtained by means of 
the quantum vierbein 9 = fl@, that, instead is a fundamental dynamic field.^^ Of 
course since there is a relation one-to-one between quantum vierbein and quantum 
metric, on a locally Minkowskian quantum (super)manifold, one can choice also 
quantum metric as a fundamental field, instead of the quantum vierbein. However, 
in a quantum SG- Yang-Mills PDE it is more natural to adopt quantum vierbein as 
independent field, since it is just enclosed in the fundamental field jl. The dynamic 
equation are resumed in Tab. 2. 



Tab. 2 - Local expression of (YM)CJD^(W) and Bianchi identity (B)CJD^{W)- 


(Field equations) £;^- = - (Ss .flf -*) + [Cf ^Ag ,-Rh ] + =0 


(YM) 


(Fields) F^^^^=R'^^^^-[{dXA,.i^'^^) + iCfj[f,'^^,fii^] + ]=Q 
(Bianelii identities) A^=iaX „ -R^, a,)+ hCLlP-H .^'a, A,] + =0 


(B) 



2 3 3 



Definition 3.6. We call quantum graviton a quantum metric g obtained by a 
solution jl of {YM), via the corresponding quantum vierbein. 

Definition 3.7. In relation to the splitting (76), and with respect to the possible 
triviality of such quantum curvatures, we can classify solutions of E2 , as reported 
in Tab. 3. 



The rising and lowering of indexes is obtained by means of the fuUquantum metrics g on M 
and g on g respectively. 

"^^Anothcr suitable name for 6 could be quantum dynamical fundamental solder form. In fact, 
it solders the quantum Minkowsky vector space A N at all the points p £ M. But the previous 
name is more handable. 
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Tab. 3 - Local quantum-curvature clasification of (VAf ) solutions. 


Definition 


Name 




quantum full-fiat 




quantum torsion-frcc 




quantum Lorcntz-fiat 


* ^-AB ^0 


quantum dcviatory-flat 



Theorem 3.8. (Quantum Cartan geometry). Any non-degenerate solution fl of a 
quantum SG- Yang-Mills PDE, identifies on the base quantum supermanifold M a 
quantum Cartan supergeometry, i.e., a Gartan geometry in the category 05. 

Proof. A quantum Gartan supergeometry on a the quantum supermanifold M, is 
the natural extension, in the category of Gartan geometry in the category 
of smooth finite dimensional manifolds [110]. More precisely it is a principal fiber 
bundle TT : G — M, with structure group H, where G is a group in the category 0s, 
such that the following conditions are satisfied: (i) M admits as quantum model 
the quantum Klein geometry {G,H), i.e., T^M = g/t), for any x G M, and {G,H) 
is a quantum Klein model in 05, i.e., G/H is an homogeneus space in 05, with 
G containing the subgroup H; (ii) there exists a section uj : M ^ Homz{TG;Q), 
of class Q^, such that is an isomorphism : TpG — > g, for all p £ G; (ni) 
w(p)kTpG : vTpP ^ f); (iv) = Ad{h-^)i.j, V/i e H, where Rh denotes right 

multiplication translation for h. Then a quantum SG- Yang-Mills PDE identifies the 
following quantum Cartan supergeometry : tt : G — M, where G is any quantum 
superextension Lie group of the Poincare group, such that its quantum super Lie 
algebra is just g, and containing a subgroup i?, with quantum super Lie algebra 
~ ©g © 4i0- Then M admits as model the quantum Klein geometry (G, H), since 
one has the isomorphism T^M = gg = g/{@Q © ^.g), Vx G M. Furthermore, any 
quantum fundamental field fi comes from a quantum principal connection on such 
a principal bundle, as it results from the commutative diagram (79).^^ 



(79) 



G- 



HomziTG-Q) 



M- 



Homz{TM-Q) 



□ 

Example 3.9. (Quantum gravity- Yang-Mills PDE's in D = A). This is the most 
simple situation where g = @g©(c)g. In such a case the quantum Klein geometry is 
{P{N), 50(A(8)rN)), where A®rN is the A- dimensional quantum Minkowsky vector 
space, extension of the Minkowsky vector space N, with respect to the quantum 
algebra A, endowed with the quantum metric 'g = 1 ® g, natural extension of the 



^Let us emphasize that a section uj, considered in the above point (ii), is just a quantum 
pseudoconnection in the sense introduced in Rcfs.[77, 84] . (See also Refs.[70, 99] for superclassical 
analogous ones.) Then, one can see that uj is just a principal connection, {Ehresmann connection 
[18]), on the g-principal fiber bundle P = G X g G. (The proof can be copied from an 
intrinsic previous one given in [99] for the superclassical case.) Recall that in a Cartan geometry 
7r : G — > M, the torsion is obtained by composition T = tt o R ; AgG — >■ — > g/ll, where R is the 
curvature associated to the connection lu and tt is the canonical projection. 
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Minkowsky metric g on N. SO{A ®r N), is the symmetry group of {A Or N,^). 
One can see that this is just isomorphic to the classic Lorentz group 5*0(^(8)8 N) = 
SO{l,3). In fact, any element A S S'0(^(8'rN) is necessarily of the type A = Ia'^ 
A, with A ^ SO(N). In fact, by the condition g {a® u,h®v) = g{A{aiSiu),A{h®v)), 
we get 



(80) 



g{a ®u,b®v) — gia"! ® Cq, fe'^l (g) et) = a°'b'^g{ea,ep) = a'^b^gap 

= g{A{a ® u), A{b ® v j) = 5(A(a"l (g) ea),A{b^l ® Ch)) 
= |(A2;(a")l«.e^,A^(6'3)l(g)e^) 
^ Alia^)mbP)g^s 



with a^jb^ e A^, G A, (7q,^ G M. Therefore we get 

(81) a"6''g„/3 = A2:(a")A^(6'')g^^. 
For i/ie arbitrariness of a" and bf", we get that must be also 

(82) go.p = Alklg^s- 

Since g^p G M, must necessarily be A^^ G M. T/iis means that it is A = Ia'S)A, with 
A G 5'0(N). Therefore one has the following isomorphisms: 

(83) ^0(v4 ®R N) = 50(N) = SO{l, 3) ^ (A^;) = (A^^). 

P{N) is the symmetry group of the A- dimensional affine quantum Minkowsky space- 
time {N , A (g)R N,g). One has the following isomorphisms: 

(84) P{N) ^ A^mN yi SO{A®iiN) ^ A^^N ^ SO(N) ^ A^^M^^'^ xi SO{l,3). 
One has the following short exact sequence: 

(85) ^ A(E>mN ^ v4 ®M N X SO{A ®m N) ^ SOiA ®r N) ^ 

The semidirect product means that the product in P{N) is given by the following: 

{{a ® u, A).{b g) w, A') = (a u + A{b u), AA') 
= {a(®u + b® A{v), (1 ® A)(l ® A')) 
= {a<^u + b® A{v), 1 ® AA'). 

The quantum Cartan geometry is given by the SO{A (g)R N) -principal group, in 
the category Q, tt : P{N) — > M , where M is a A-dimensional quantum manifold, 
with respect to the quantum algebra A, whose tangent spaces TpM = A (g)R N = 
P(-/V)/S'0(A Cg)R N). Therefore M is locally quantum Minkowskian. The quantum 
Lie algebra q of P{N) has the following splitting: 

(87) = A(g)RN©so(l,3)EE@0©@0. 

Let us denote by P^^ = 1® P^^ the generators of (^q, where P^ are the corresponding 
translation- generators in the Poincare algebra. The can see that one has 

(88) [P^, P.] = 1 ® [P^, P,] = 1 ® C^,P^ = G%\ P„ = C^,P„ 

with C^jj G K. In fact, one can put on AcSrN quantum coordinates : A®rN — >■ 
A, adapted to the structure A (g)R N, i.e., x^{a ® u) = ax"^{u) — au^ G A, where 
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: N ^ M. are coordinates on the 4-dimensional affine Minkowsky space-time N . 
Then, for any function f : A (E>r N — > A 0/ class Ql^ , one has: 

r PaJ = (dxA-f) - {dxB.f){dXA.x'') 

(89) { =idxB.f){l®S^) = idxA.f) 
[ = (PaJ) 

since (dxA-x^) = {dxA.{l ® x^)) ^ {dxA-l) ® x^ + 1 [dxA-x^) = l®5^. 
By resuming all the quantum structure constants, for this quantum gravity Yang- 
Mills PDE's, are real numbers. So all the generators of the quantum Poincare 
algebra just coincide with the ones of the Poincare algebra. The situation is sum- 
marized in Tab. 4-. 

Tab. 4 - Quantum Poincare algebra in iD=4. 

[JaP,J-iS]=Vl3-iJaS-i'VaSJl3-,—Vo,~,Jl3S~'ripsJa~l 
[Pc,Pg]=0, lJa,ll,P-,]=Vfi-yPa.-Va.-,Pll 

Boosts: Kk — J{)k\ Rotations: Jk—^ijkJ^'', i:i,fcf={l,2,3}. 

Example 3.10. (Quantum A^-superextensions of the Poincare algebra in = 4). 
In D = 4, the usual N -super symmetric extension q of the Poincare algebra p = 
so(l,3) © I, is a 'E2-gfo-ded vector space = flo © 0i; with a graded Lie bracket, 
such that Qq ~ p (B b, where b is a reductive Lie algebra, such that its self-adjoint 
part is the tangent space to a real compact Lie group.^'^ Furthermore Qi = (^,0) 
S © (0, ^) (8) S*, where (i, 0) and (0, ^) are specific representations of the Poincare 
algebra. Both components are conjugate to each other under the * conjugation. S is 
a N -dimensional complex representation of b and s* its dual representation.^^ Note 
also that the Lie bracket for the odd part is usually denoted by {,} in theoretical 
physics. Then with such a notation one has 

(90) = s''h''C)c,pP^ + w^cu + v''{Cj5)c.p 

where U^^ = ~U^^ , V^^ = —V^"^ are the {N — 1)N central charges, C is the (an- 
tisymmetric) charge conjugation matrix, {Qa)i=i,...,N , are the N Majorana spinor 
supersymmetry charge generators. The dynamical components fi^ , i = 1,...,A^, 
of the quantum fundamental field, corresponding to the generators , are called 
quantum gravitinos. So in a quantum N -SG-Yang-Mills PDE, one distinguishes N 
quantum gravitino types, (and [N — 1)N central charges). 

The more simple case are ones with N = 1, and N ^ 2. More precisely, for N ~ 1, 
with b — u(l) and 5 the ID representation o/u(l). In such a case one has an electric 
charge, (i.e., u(l)-charge), but there are not central charges. In Tab. 5 are reported 
the brackets in the case N ^ 1 and N = 2.^^ Then a quantum superextension of p 
is A(E)rQ, where A is a quantum superalgebra. This can be taken A C L(H), where 

■^"A reductive Lie algebra is the sum of a semisimple and an abclian Lie algebra. Since a 
semisimple Lie algebra is the direct sum of simple algebras, i.e., non-abolian Lie algebras, 1^, where 
the only ideals arc {0} and {U}, it follows that b can be represented in the form b = a(B 's- 

''"'^If p : g — > L{V) is a representation of Lie algebra, its dual p : g — > L{V), working on the 
dual space V, is defined by p(u) = —p(u), Wu G g. 

■^■^Since the central charges in (90) have physical dimension of mass, they cannot be carried by 
massless solutions. 

■^■^For the case N = 2, and with respect to equation (90), one should also have [Qfii,Qfj.j] = 
{C-f°')i3^5ij Pa-\- C^fj^Eij Z + tij{C^5)p^z' . But the term tij (C75)/3^z' can always be rotated into 
Cp^i^ijZ by a chiral transformations, and therefore does not represent a further charge. 
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% is a super-Hilbert space. (See also Refs.[85, 94].) With respect to the splitting 
(75) we get: 



(91) 



^fl^QaCl)^dx^. J [ ^fl^[ZA^ + Qo,,(j)^']dx 



Tab. 5 - IW=1,2 Super Poincare algebra in D=4. 


N=l 


[Jo 


fl ,J-,s 


]—Vl3-iJaS+VaSJl3-i — Va-iJ;3S—VflsJa-i 




„Pfi] = 


=0, lJa.l3,Py]=V(l-rPc-V<,-yPll, [P„,Q^]=0 


[Jo 


p,Qi 


=('^»,3)^;Q^., [Q^,Q^.]={Cinp^Po, 


N=2 


[Jo 


fi-JyS 


]=Vfl^JaS+naSJely-nayJl3S-Vl3sJay 


[Pc 


.■Pfi]-- 


.0, lJa,ll,P-,]=Vf3yPc.-Va.-,Pll, [P„,Q^,]=0 


[Jo 


f!-Ql 


] = ('t„,s)!;Q^., [Qf^i,Q^.A = iC7''}|l^S,JP^+C|3^,e,jZ, [Z.-]=0 


Tab. 6 - 


Supersymmetric semi-simple tensor extension Poincare algebra in D=4:. 


[Jo 


,JjS 


]=VfilJaS+''la5Jfl-, — Va-yJfiS—Vl3sJaf, [Pa ,Pfi]=cZ a fl 


[Jo 


3,-P-y] 


= Vfi-rPc,—Va-,Pl3 , [JaP,Z^s]=r}a6Zp^+rjp^Za5—Tla-,Zfj5—l-ljiisZa-, 


[Z, 


.fl,Pj 


= ^iVl3-fPa-Va-,Pfi), [Zaf3,Z^s] = ^('naSZf,^+rif,^ZaS-Tla-,Zf,s-l-lf,sZa-,) 


[Jo 


11, Qi 


= -('ycfiQ)-,, [Pa.,Q^]=a(jaQ)-,, [Zcii,,Q-,] = -^(<yc.fiQ-,) 


IQ 




= -b[^h'C)ai3PsH<^'<'C)ai3Z.,s] 



In Tab. 6 are reported supersymmetric semi-simple tensor extensions of Poincare 
algebra in D — A too. There a, h and c are constants. This algebra admits the 
following splitting: so(3, 1) © 0Sp(l,4), where So(3, 1) is the A-dimensional Lorentz 
algebra and 0Sp(l,4) is the orthosymplectic algebra. Then, by considering the quan- 
tum superextension A (K)r [so(3, 1) © osp(l, 4)], where A is a quantum superalgebra, 
and with respect to the splitting (75) we get: 

[ ®fi^Pjyx^ 
(92) <^ ©li = J^pCb^^dx^ 

[ f^fi=[Z^pA'^P + Q^,c^<^']dx^. 

Theorem 3.11. (Quantum Levi-Civita connection and quantum Higgs fields in 
{Y Ad)). Quantum Levi-Civita connections Co, belonging to a solution (1 of {YM), 
identify covariant derivative on the quantum metric g, corresponding to fi, such 
that '^Vg = 0, when Cj comes from a quantum Higgs-symmetry breaking mechanism, 
where g can be identified with a quantum Higgs field. 

Proof. Quantum Higgs fields and symmetry breaking are two aspects of an unique 
mathematical phenomenon: reduction of a G-principal fiber bundle to a closed 
subgroup H C G, considered in the category £2 5. When this happens one has the 
commutative diagram (93) of fiber bundles. 
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(93) 



h*P 




P/H 



TTH ■ P — !■ P/H is a principal bundle with structure group H and tt/h '■ P/H — >■ M 
is a fiber bundle associated to tt : P — > M, with the natural action of G on the 



fiber type G/H. 



'P A/ is a iJ-principal bundle, reduction of P. Any 



of such reduction is identified with a global section h : M — P/H of tt/h, such 
that ''P = ■Kjj^{h{M)) = h*P. Any principal connection ^u) on ''P identifies a 
principal connection on P, hence a covariant derivative "V on sections of tt/H: 
such that "^Vft. = 0. Conversely a principal connection (2) on P is projected onto 
^P iff '''^Vft. = 0. Furthermore, if the quantum Lie (super) algebra g of G, splits 
into g = tl a, where () is associated to H and a is a subspace of g on which G 
acts for adjointness, then i?t2)[, : '^P — !> Horaz{T^P\ f)) is a principal connection on 
''P, as defined by the commutative diagram (94). 



(94) 



Homz{TP-Q) 



Homz{TP- f)) ^ Homzlr'^P] 



P 



P- 



hp 

In the case that P = £{M) is the principal bundle of linear frames on A/, with 
structure group GP(4, A), that is reducible to 5*0(1,3), then global sections of 
£{M)/ SO{l, 3) — M are related to quantum metrics on M, as it is shown by the 
commutative and exact diagram (95). 



(95) 







■£{M)/SO{l,'i) 



Homz{t§M;A) 



M- 



■■M 





such that 

(96) ioh = g = gapdx" ® dx>^ = 0'^§'/,Tjabdx°' ® dx^ . 

So, in this quantum Higgs field is identified with a locally Minkowskian quan- 

tum metric. Since any principal connection '^lj on ^£{M) C S{M) is extendable 
to a principal connection uj on £{M), and identifies a linear quantum connection 
on TM, and on other associated vector bundles, such that '^V^' = 0, when g is 
just the quantum metric-Higgs field defined in (96). This proves that quantum 
Levi-Civita connections, corresponding to solutions of (YM), such that condition 
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■^Vg = 0, are particular cases, related to the quantura Higgs-symmetry breaking 
mechanisms. □ 

Theorem 3.12. (Quantum crystal structure of (VM)). If H3{M:K) = the 
dynamic equation (YM) is a quantum extended crystal super PDE. Moreover, under 
the full admissibility hypothesis, it becomes a quantum 0-crystal PDE. 

Proof In Refs.[75, 83] it is proved that (YM) C JD'^{W) is formally integrable 
and also completely integrable. "^^ That proof works well also in this situation, since 
it is of local nature, and remains valid also for quantum supermanifolds that are 
only locally quantum supcr-Minkowskian ones. Then, by using Theorem 2.2 we get 

^3^^ = ^S'' = ^0 ®K H3{W;K)®Ai ®K H3(W;K). Since the fiber of W 

is contractiblc, wc have n'-^^^^^ ^ il^^^p = Aq H3{M;K) ^ Ai ®kH3{M;K). 

Thus, under the condition that i?3(M; K) = 0, one has ^^^^^ — ^aja^P = 0: hence 

(YM) becomes a quantum extended crystal super PDE. This is surely the case 
when M is globally quantum super Minkowskian. (See Refs.[76, 80, 83, 90, 92].) In 

such a case one has ^^Ijl*^' = ^''^3l3(^^'^)i where 



3|3 

~ dV, for some (singular) 
(4|4)-dimensional quantum 
supermanifold V C W 



(97) K3\3{YM) ^ { [N]^ 6 n3\3{YM) 



So (YM) is not a quantum 0-crystal super PDE. However, if we consider ad- 
missible only integral boundary manifolds, with orientable classic limit, and with 
zero characteristic quantum supernumbcrs, {full admissibility hypothesis), one has: 

= 0, and (YM) becomes a quantum 0-crystal super PDE. Hence we get 
existence of global solutions for any boundary condition of class Q,^. 
With respect to the commutative exact diagram in (23) we get the exact commu- 
tative diagram (98). 



(98) 



K. 



(YM) 
3|3:2 



(YM) 
3|3 



0- 



K 



■ " 6 



Taking into account the result by Thom on the unoriented cobordism groups [119], 
we can calculate = ^2 © ^2 ® ^2 • Then, we can represent f2g as a subgroup 
of a 3-dimensional crystallographic group type [0(3)]. In fact, we can consider the 



■^^We shall assume that the A is a quantum (super)algebra, over K = M, or K = C, with 
Noetherian centre Z = Z(A). In general A is a subalgcbra of L('H), where is a (supcr)Hilbert 
space. Then A is Noetherian since L('H) is so. In fact, Liji) is Morita equivalent to K. (Two 
rings R and S are Morita equivalent, S, if there is a i?-module Wji, (progenerator), such 

that S = End(Wii).) If R is Noetherian, then is Noetherian too. As a by-product, it 

follows that also the centre Z C A is a Noetherian ring. Note also that the derived quantum 
algebra A = Honiz [A; A) is a Noetherian ring. In fact, in this case A^ Z, with progenerator the 
Z-module A. 
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amalgamated subgroup D2 x ^2*1)2 Di, and monomorphism fig — > D2 x Z2*z32 Di, 
given by (a, 6, c) 1— t- (a, &, 6, c). Alternatively we can consider also fie D4, -^02 D4. 
(See Appendix C in [87] for amalgamated subgroups of [G(3)].) In any case the 

crystallographic dimension of (YM) is 3 and the crystallographic space group type 
are D2d or D4h belonging to the tetragonal syngony. (See Tab. 6 in [87] and, for 
further informations, [28].) □ 

Example 3.13. If M is the quantum superextension, with respect to the quantum 
superalgehra A, 0/ the A- dimensional affine Minkowsky space-time, then [YM) is a 
quantum extended crystal PDE. 

Theorem 3.14. (Quantum crystal structure of (l^Af)[i]). The observed dynamic 

equation (YM) [i\ , by means of a quantum relativistic frame, is a quantum extended 
crystal super PDE. Moreover, under the full admissibility hypothesis, it becomes a 
quantum 0-crystal super PDE. 

Proof. The evaluation of (YAI) on a macroscopic shell i{Mc) C M is given by the 
equations reported in Tab. 7. 



Tab. 7 - Local expression of ( VAf) [i] C (i* and Bianchi idenity {B)[i]CJD^{i'W). 


(Field equations) {dc,.R'^°"^) + [C^jfi.i,R''°''^] + =0 


{YM)[i] 


(Fields) i??,„2=(^«[°i-'^?2l) + ^'5f7A[o2/i;^i] 
(Bianchi identities) (9?[T.fl^, „,1 ) + ^6fj/iu^^i col =0 





This equation is also formally integrable and completely integrable. Furthermore, 
the 3-dimensional integral bordism group of (YM)[i] and its infinity prolonga- 
tion {YM)[i]+oo are trivial, under the full admissibility hypothesis: fig^^^"'' = 
^(YM)[i]+oo ^ equation (yA/)[i] C JD'^{i*W) becomes a quantum 0- 

crystal super PDE and it admits global (smooth) solutions for any fixed time-like 
3-dimcnsional (smooth) boundary conditions. □ 

Proposition 3.15. The quantum vierbein curvature @i? identifies, by means of 
the quantum vierbein 9 a quantum field S : M Homz{^^M]TM), that we call 
quantum torsion, associated to fi. In quantum coordinates one can write 

(99) S = dxc® S'Xsdx^Adx^, S^b = 0%®Rab- 

Furthermore, with respect to a quantum relativistic frame i : N M , the quantum 
torsion S identifies a A-valued {l,2)-tensor field on N, S = i* S : N ^ A 
J^^N TN , that we call quantum torsion of the observed solution. 

Proof. In fact S = 0^^ o ^R, i.e., the diagram (100) is commutative. 

(100) Homz{klM;@3) 




^ -Homz{klM;TM) 
where Q-^p) = Homzil^f^r.Aiy ^^^P))^ ^peM. □ 
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Definition 3.16. Furthermore, we say that an observed solution has a quantum 
spin, if the observed solution has an observed torsion 

S = i*S = dx^® Slfjdx°'Adx^ : N -> A^rN^rA^ (iV) ^ A®RA°(iV)(g)Rr7V 

0<Q</3<3 

with S2^{p) = ^Sj^{p) E A, p G N, that satisfies the following conditions, 
(quantum-spin-conditions); 

s = Eo<a</3<3 ^";9da:^" A da;'^ : iV -> A ®R AOiV, 

Saisip) = -Sflaip) e A, p e N, 

s^pi^" = / ■ 

where ip is the velocity field on N of the time-like foliation representing the quan- 
tum relativistic frame on N . When conditions (102) are satisfied, we say that the 
solution considered admits a quantum spin-structure, with respect to the quantum 
relativistic frame. We call ^ the quantum 2-form spin of the observed solution. Let 
{C"}o<Q<3 be coordinates on N, adapted to the quantum relativistic frame. Then 
one has the following local representations: 

(103) { I=Jijde Ad^^ } . 

We define quantum spin-vector-field of the observed solution 

(104) i -< e, ^ [e^.Ap^^S-^ldC" = Spd^ = s^dx^ = d^.Skg"' = d^,T 

where e^uXp = Vlsl'^Jli/Ap completely antisymmetric tensor density on N . One 

has 'sP{p) G A, p E N . The classification of the observed solution on the ground 
of the spectrum of \'s\'^ = 's'^'sp, and its (quantum helicity/, i.e., component Sz, is 
reported in Tab. 8.^^ 



Tab. 8 - Local quantum spectral-spin-classification of (yA<f)[i] solutions. 


Definition 


Name 


Sp{\s{p)\^)(Zb = {h'^s{s+l)\sm={Q,l,2,- }}, Sp(?,(p))Cc 
Sp(|?{p)|^)Cf-{?i^s(s+l)|s-^Ii^,neN={0,l,2,...}}, Sp(?4p))Cc 

5p(|?{p)|')nfa-5p{|?(p)|^)nf-0 

5p(|?{p)|^)nfa/0,and/or Sp{\s{v)\'^)n^^^ 


bosonic-polarized 
feimionic-polarized 
unpolarized 
mixt-polarized 



s{p)\'^ =s^ {p)s p{p), p^N . c={hms\rns — — s, — s+l,---.s — l.s^. s~ quantum hclicity 



s= spin quantum number; ma= spin orientation quantum number. 

Remark 3.17. May be useful to emphasize that since here the quantum spin con- 
tent of an observed solution is a geometric object of local nature, does not necessitate 
that its property, in relation to the classification in Tab. 7, should be constant in any 

'^^In particle physics with the term helicity one usually means the component of the spin along 
the momentum. In this way one should obtain only the contribution by the "intrinsic spin", 
decoupled by the angular momentum. However, in our geometric formulation one talks of spin of 
an observed solution, since the macroscopic model may be inadequate, and also undesirable. 
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part of the solution. In fact, e.g., for solutions representing particles reactions, can 
happen that the spin-content changes during the reaction process. For example the 
spins of composite particles, such as protons and atomic nuclides, are not just the 
sum of their constituent particles. The usual justification is ascribed to the contri- 
bution of the total angular momenta, in some mechanical simulations. On the other 
hand this game does not work well. For example for the proton there are experimen- 
tal evidences that such mechanical models are inadequate. (See e.g. [104] .j Some 
approaches similar to graviton- quark- gluon plasma appear more appropriate. But 
it is unknown if gluons have spin... So, instead to insist with naif and unjustified 
mechanical models, it is more appropriate describe quantum particles like p-chains 
solutions of suitable quantum Yang-Mills PDE's.^^ 

In some previous works wc have proved the following important result. 

Theorem 3.18. (Obstruction-mass-gap-existcncc).[78, 85, 94] A quantum full-flat 
solution cannot have mass-gap. In order that an observed solution admits mass-gap 
it is enough that the following conditions should be satisfied: 



(105) 



I tr(i?.^„(p)<°(p)-?;^^(pX°)(p) ■ Jpg^ 

Theorem 3.19. (Local mass- formula). // an observed solution of (YAI) is with 
mass-gap, one has the following local mass-formula; 

(106) m{p) = ®m{p) + ©m{p) -\- <ifm{p), p€ N. 

We call @m{p), (resp. (Qm{p), resp. iBm{p))), t/ie local torsion mass, (resp. local 
Lorentz-mass, resp. local deviatory-massj, of the observed solution.^'^ 

Proof. In fact, the splitting on the quantum Lie superalgcbra g, induces the fol- 
lowing splitting on the quantum Hamiltonian observed by the quantum relativistic 
frame: 

©H = ©R'^^®R^K - ©'i^%©Rk 

Therefore, if the observed solution is with mass gap, we get that spectrum of the 
hamiltonian has a splitting induced by the corresponding hamiltonian splitting 

(107) . □ 

Theorem 3.20. (Observed objects and splitting formulas). To any observed solu- 
tion of [YM) one can associate the following geometric objects: 
(108) 

(quantum-electric-charge- field) : 

E = ij\R = Zk® E^dx°' = Zk® R^pi^l^dx"' : ^ {8)r T*N 



(quantum- magnetic-charge-field) 



B = {*R) ^Zk® Hffdxt' = Zk® e'l.tR^y.Vdx^' : iV ^ g 0r T*N. 



''''With a language nearer to physicists, p-chains can be called p- dimensional extendons. 
''^Note that the formula (106) interprets the local mass rri(p) as a local-charge, empha 
the role playied by the different charge-components of the systems. 
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In adapted coordinates {^"}o<a<3, to the relativistic quantum frame, E and B have 
the following representations: 



(109) 



E 



B 



Zk ® Efd^' 
Zk ® BfdC 



Zk 



This means that in the quantum relativistic frame system E and B are A-valued 
space-like objects, whose components belong to the quantum superalgebra A. There- 
fore, their quantum content is given by the spectra of E^ (p) and Bf{p), for p G N . 
One has the following splittings: 



(110) 



E^, 
B^, 



,E^ 
,B 



©E- 
©B 



q^E 



14^6 call @E, (resp. @E, resp. q^E)), the torsion-quantum electric-charge-ficld, 
(resp. Lorentz-quantum electric-charge- field, resp. dcviatory-quantum clectric- 
chargc-fieldj, of the observed solution. Similarly, we call @B, (resp. ©B, resp. 
^B)), i/ie torsion-quantum magnetic-charge- field, (resp. Lorentz-quantum magnetic- 
charge-field, resp. dcviatory-quantum magnetic-charge- field^, of the observed solu- 
tion. 

If the solution has a spin- structure, then i^E = and (gS is related to the quantum 
spin-vector field s by the following formula: 

(in frame-adapted coordinates): 0^@Bf — —'si. 



(Ill) 



-ijj^s. 



Therefore, in an observed solution with spin- structure, it is recognized that the op- 
posite torsion-quantum magnetic-charge-field identifies a distribution of quantum 
spin-vector fields, = g^^'si, with Si given in (111). Thus, @B determines the 
spectral- spin- classification of the solution, according to Tab. 7. 



Proof. It follows directly from the definitions and previous results. Let us only to 
emphasize that in coordinates on N, adapted to the frame ip = d^o, and that the 
metric g = gapd" (8> dx^ and its controvariant form g = g°'^dxa ® dxp assume 
respectively the following forms: 
(112) 






V 





511 

921 
931 





512 
.922 

532 





513 
523 
.933 / 



(gn 



1 













5" 


9'' 


^13 





9'' 


9'' 


^23 





g31 


9'' 


9'' J 



9''9ok 



^1^0123 



Furthermore taking into account that e'^ = g'^'^g^^eap^ij, with eap^u — y ii/i<Jct^^y, 
the formulas (109) follow directly. When the observed solution admits spin-structure, 
then, since S^p = ^^®^f/3' gc* also = ^^^^A" S^®Ea ■ Thus we have 
= e^9^@E^ = Therefore must necessarily be @E^ = 0. 

Finally we can write dJ^^Bjf = e^'tOj^^R^^tp''' . If the observed solution admits a 

^kX^'^ ■ Therefore, we can write 



spin-structure, then dJ^®R^x 



^1^0.(3(1^ 



□ 



QUANTUM EXTENDED CRYSTAL SUPER PDE'S 



41 



Theorem 3.21. (Stability properties of (YM)). (YM) is a functional stable quan- 
tum super PDE. In general a global solution V C {Y M) is unstable and the corre- 
sponding observed solution, by means of a quantum relativistic frame, is unstable at 
finite times. However, (YM) admits a stable quantum extended crystal PDE. There 
all the observed smooth solutions are stable at finite times. Furthermore, to study 
the asymptotic stability of a global solution V C (YM), with respect to a quantum 
relativistic frame, we can apply Theorem 2.^6. 

Proof. (YM) is a functional stable quantum super PDE since it is completely inte- 
grable and formally integrable. (See Theorem 2.34). For the same reason it admits 

(YM)^^ C JD°°{W) like stable quantum extended crystal PDE. Furthermore, 

since its symbol §2 is not trivial, any global solution V C (YAI) can be unstable, 
and the corresponding observed solution, can appear unstable in finite times. How- 
ever, global smooth solution, result stable in finite times in {YM)_^^. Finally the 

asymptotic stability study of global solutions of (YM), with respect to a quantum 
relativistic frame, can be performed by means of Theorem 2.46, since, for any section 
s : M -> W, on the fibers of E[s] — !> M there exists a non-degenerate scalar product. 
In fact, E[s] = W, as is a vector bundle over M. Furthermore, for any section s, 
we can identify on M a non degenerate metric 5,^* that beside the rigid metric g on 
g, identifies a non-degenerate metric on each fiber E[s].p = Wp = Homz{TpM] q), 
Vp e M. In fact we get |(p) • iip)' = g^J^^ {p)^^ {p) ® C'f (p) e A. □ 

Example 3.22. (Stable nuclear-charged plasmas and nuclides). Of particular rel- 
evance are solutions of (YM) that encode nuclear- charged plasmas, or nuclides, 
dynamics. These are described by solutions that, when observed by means of a 
quantum relativistic frame have at any t G T, i.e., frame-proper time, compact 
sectional support Bt C N. The global mass at the time t, i.e. the evaluation 
nit = Jg^ m{t, £,'^)\/ det(gij)d^^ Ad^^ Ad^^ of such mass on the space-like section Bt, 
gives the global mass- contents of the nuclear-plasmas or nuclides, in their ground- 
eigen- states, at the proper time t. Whether such solutions are asymptotically stable, 
then they interpret the meaning of stable nuclear-plasmas or nuclides. 

The following theorem shows how thermodynamic functions can be associated to 
solutions of iYM). 

Definition 3.23. (Thermodynamic states). A thermodynamic state is charac- 
terized by a set of independent parameters {s,Ca)i<a<n, that identify the internal 
energy: e = e(s, Cq, a*), where a* identifies the i-th material particle, s is the specific 
entropy, (with physical dimension energy /temperature mass), andca are electric or 
mechanical parameters. The system is said to be thermodynamically homogeneous 
if the following equations are satisfied: [doa ■ e) = 0.^^ Important thermodynamic 
functions and thermodynamic equations are given in Tab. 9.*'^ 



should be more precise to denote g with the symbol g[s], since it is identified by means of 
the section s. 

■^^One has 9 = 6{s, c°', a'), t" = c°', a*). Of course one can choose 6 and c° as independent 
thermodynamic functions: s = s{9,c" ,a^), f = t" {9, c" ,a^) and e = e(6,c",a'). 

^''With respect to the quantum relativistic frame it is identified on TV a time-like vector field 
V, such that for any scalar R-valuod thermodynamic function / one has U- = (dt.f) -\- {dxj^.f). 
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Tab. 9 - Distinguished thermodynamic functions and equations. 


Name 


Definition 


temperature 


e = {ds-e) 


thermodynamic stresses 


t" = (Oc"-e) 


thermodynamic pressure 


p=e^^{d[^^ye) (*) 


chemical potential 


t°=p°=(3e°-e) (**) 


specific heats 




latent heats 




specific heat at c^— cost. 


Cc=(ae-e)e" 


specific heat at t°'— cost. 


Ct=C, + [(dcp-e)e,a^ -t'']{de-cp)t 


free energy density (Hclmholtz density) 


S=e-Bs 


hcntalpy density 


h=e-t''c^ 


free hcntalpy density (Gibbs function) 


g—h—6s 


Gibbs-equations of first type 


de—9ds+t" dca^ fixed a. 


Gibbs-equations of second type 


Se a i^s 1 jn Sect 


Thermodynamic evolution along thermodynamic curve 


C=-ig{de-tf dcf})=e(de-s) 
ec, = -j^{de-t^ dcf))=e(dtc.-s) 
ma, = -^(de-t'^ dcf,)=e{dcc,-s) 



(*) One denotes —t^ if ci — ^. 

(**) ea—Ca is the concentration of the a-componcnt in a system with different components. 
An observed thermodynamic curve, \—\{t) is identified at fixed a". 

Theorem 3.24. (Thermodynamics of iYM)). There exists a canonical way to 
characterize thermodynamic states of observed solutions of{YM). Thermodynamic 
functions and equations of observed solutions of (YM) can be encoded as scalar- 
valued differential operator on the extended fiber bundle W[i] TqN = W[i] x 
R = over N, whose sections (fl, /3) over N, represent an observed quantum 

fundamental field, Jl, and a function /3 : — > M, thermal function. If 13 = 
where kb is the Boltzmann constant and 9 is the temperature, then the observed 
solution encodes a system in equilibrium with a heat bath. 

Proof. Let H be the Hamiltonian corresponding to an observed solution of (YM).^^ 
Let us denote hy E & Sp{H). If N{E) ~ tr S{E — H) denotes the degeneracy of E, 
let us define local partition function of the observed solution the Laplace transform 
of the degeneracy N{E), with respect the spectrum Sp{H) of H. We get 

f =j^^^^^e'0^N{E)dE_^ 

(113) I =J,^^j^^e-P^iv5{E-H)dE 
[ =ive-P". 

So we get the following formula 

(114) Z[l3)^\.ie-^" 
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Let us recall that i? is a A- valued function on the 4-dimensional space-time A'^, considered 
in the quantum relativistic frame. 
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where (3 is the Laplace transform variable and it does not necessitate to be inter- 
preted as the "inverse temperature", i.e., /3 = -jr^, where kb is the Boltzmann's 
constant. Note that all above objects are local functions on the space-time N. 
The same holds for /3. We can interpret Z{/3) as a normalization factor for the local 
probability density 

(115) P{E) = ^N{E)e-f'^ 

that the system, encoded by the observed solution, should assume the local energy 
E, with degeneration N{E). In fact we have: 

(116) 1=/ P{E)dE = ^ [ N{E)e~^'^dE = ^. 

Jsp{H) Z J Sp{H) Z 

As a by-product we get that the local average energy < E >= e can be written, by 
means of the partition function, in the following way: 



(117) e^-{d(3\nZ). 
In fact, one has 

f ^ = IspiH)EPiE)dE = ^Js,(^H)EN{E)e~^^dE 

(118) <^ = ^ Etr 6{E - H)e-P^dE 

y = ^tv{He-f^") ^ ~^{dl3.Z) = -{dp.lnZ). 

When we can interpret /? = -j^i^ , then one can write 

(119) e^ KBe'^{de.\nZ). 

Then we get also that the local energy fluctuation is expressed by means of the 
variance of e: 

(120) < [AEf >=< {E - e)2 >= {dpdp. In Z). 
Furthermore, we get for the local heat capacity Cy the following formula: 

(121) a = (de.e) = < {AEf > . 

We can define the local entropy by means of the following formula: 

(122) s = -KB ^ P{E) In P{E)dE. 

Jsp(H) 

In fact one can prove that one has the usual relation by means of the energy. (See 
Tab. 9.) Really we get: 



n.o^ r =-KBJs,^B)PiE)h-^PiE)dE 

^ ' \ =KB{\nZ + Pe)^{dO.{KBe\nZ)). 

Then from the relation s = kbO^Z + /3e) we get e = 9s — kb^o^Z, hence also 
(ds.e) ~ 9. This justifies the definition of entropy given in (122). Furthermore, 
from (123) we get also j^lnZ = e — 9s = f, where /is the Helmoltz free energy. It 



^■^If /3 = then the system encoded by the observed solution of {YM), is in equilibrium 

with a heat bath (canonical system). 
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follows the following expression of the local Helmoltz free energy, by means of the 
local partition function Z: 

(124) J = e-ds = -kbB\^Z. 

Conversely, from (124) it follows that the partition function can be expressed by 
means of the local Helmoltz free energy 

(125) Z^e-f^^. 

So we see that the local thermodynamic functions, can be expressed as scalar- 
valued differential operators on the fiber bundle W\i\ Xn TqN N. The situation 
is resumed in Tab. 10. 



Tab. 10 - Local thermodynamics functions of (y"Af)[i] solutions. 


Name 


Definition 


Remark 


Order 


partition function 


Z=tr(e-'^-f^) 




1 


interior energy 


e=-{dl3. InZ) 


e=K,Be^{de. In Z) 


1 


fluctuation interior energy 


<{AEf> = <{E-ef> 


<{AEf> = {dpdl3AnZ] 


2 


entropy 


s=KB(in Z+I3e) 


s=de.{KB InZ) 


1 


free energy 


f=e-es 




1 



It is assumed a Lagrangian of first derivation order. 



The following lemmas relate spectral measures identified by H{p), p d N, and the 
local partition function introduced in (114). It is useful to recall some definitions 
and results about quantum states. More precisely a quantum state of a quantum 
algebra A, is a function S : A ^ C, that satisfies the following properties: (i) S is C- 
linear; (ii) S is self-adjoint; (iii) normalized by the constraint sup||„||<2 S{a*a) = 1. a 
quantum pure state is one which is not a linear combination with positive coefficients 
of two other states, otherwise it is called mixed. A mixed state is described by its 
associated density operator p = '^gPs\4's >< V'sL where is the fraction of the set 
in each pure state >■ A criterion to see whether a density operator is describing 
a pure or mixed state is that tr (p^) — 1 for pure state, and tr (p^) < 1 for mixed 
state. 

Lemma 3.25. (Gelfand-Naimark-Segal construction). If A is a C* -algebra, then 
every state on A is of the following type a i->< ^, 7r(a)(^) >, where t: : A ^ L{'H) 
is a representation of A in an Hilbert space %, and ^ £ Ti is a cyclic vector for tt, 
i.e., Tr{A){^) is norm dense in %, hence t: is a cyclic representation. 

A set of quantum states of A is called complete if the only element of A which 
vanishes in every state of the set is zero. The variance of a self-adjoint element 
a S A, in a quantum state S, is defined by S{a'^) — S{a)'^. a is said to have the exact 
value S{a), in the state S, in the case its variance vanishes in this state. A quantum 
value of H{p) is a point X{p) 6 Sp{H{p)). The probability to find a quantum value 
of H{p) in the Borel set f7 C R, if the system is in the quantum state S, is given 
by the following formula 

(126) piHip); S, U) = tr {E^^^^^{U)S) = tr {SE^^^^{U)), 
where is the spectral measure of E^^^^y li S ~ ip <Si ^J, we have 

(127) p{H{p);S,U)^ I d{E^.MX), 
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where {E^f^p-^)^, : B{M) ^> M is the measure on the cr-algebra of Borcl subsets of M, 
given by (^^(p)(t^))i/' ^< Ejjf^^^{U){ip),'4j >. Then the mean value, or expectation 
value, of H(p) in the state 5 is given by the foUowing formula: 

(128) i <Hip)>s =/sp(Jf(p))Adi?H(,)5^ 

1 =tT{H{p)S)=tT{SH{p)). 

li S ^ ip ®ip we have 



(129) <H{p)>s= ^ Ad(i?5( )(A)),^. 

The corresponding variance, in the state S, is given by the fohowing: 



a^{H{p))s = /5,(5w)(A- < H{p) >fdp{H{p);S,X) 
U S = (E) ip we have 



(130) <^ ^ ^JspiHip))^ 

1 =tr(i/(p)25)-tr(i7(p)). 



(131) 



= \\H{p)m^~<H{pm\i;>^ . 



Lemma 3.26. (Gibbs canonical quantum state). The local partition function given 
in (113) is normalization factor of a quantum state called Gibbs canonical quantum 
state. 

Proof. Let E^^^^ : {M., B)c^A be the spectral measure on the cr-algebra B = B{M.) 

of Borel subsets of R, uniquely identified by H{p), p Q N. Then, given a state S, 
the distribution of H{p) under S is the probability measure on B, given by 

(132) Dfj^^^{U)=tT{E^^^^{U)S) 
and the expected value, in the state S, oi H{p), is 

(133) <H{p)>s= I^XdDfj^^^iX). 

One has < H{p) >s= tr {H{p)S) = tr {SH{p)). If S* is a pure state corresponding 
to the vector ip, then < H{p) >s~< '4^\H{p)\ip >. Furthermore, let Sp{H{p)) = 
Sp{H{p))p, i.e., let us assume that H{p) has a pure point-spectrum with eigenvalues 
En, that go to -l-oo as sufficiently fast, then e"^'-^^^'-^^ will be a non-negative trace- 
class operator for every positive I3{p) £ R. One defines Gibbs canonical quantum 
state 

-I3H -pH 

(134) S 



Then, tr{SH) = e, as obtained in (114). Furthermore, the definition of en- 
tropy given in (123) just coincides with the von Neumann entropy of the state 

S: Syon-Neumann^ iris In S) [124].'*^ □ 



43The state S can be diagonalizcd and one can write Syan-Neumann = ~ 5Zi i with the 

convention 0. InO = 0. This is a real number belonging to [0, -|-cxd]. s^an— Neumann measures the 
amount of randomness in the state S. (Larger entropy corresponds to more dispersed eigenvalues.) 
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From above results it follows that the way to define local thermodynamic functions, 
by means of local partition function, coincides with the expectation value of energy 
in a Gibbs canonical state, when the spectrum of the observed Hamiltonian is only 
a point spectrum. □ 

Remark 3.27. The approach given here to formulate the local thermodynamics of 
quantum systems, differs from one actually adopted in the literature. In fact, this 
last, usually necessitates to quantize classical systems and then characterizes associ- 
ated thermodynamic functions by means of the energy-momentum tensor anomaly 
< T^f >= e. (See, e.g., Refs.[l\, 12] J Really the trace of the classic energy- 
momentum tensor is zero, but in the process of quantization this conservation is 
not more assured and the trace of the quantized classic energy-momentum tensor 
can take a non-zero value: e ^ 0. This discrepancy between classic and quantum 
formulation is to ascribe to the fact that the process of quantization is performed by 
means of a linearization of the dynamic in the neighborhood of the classic solution, 
hence it discards non-linear effects. However, in our non- commutative framework, 
there is not discrepancy in the covariant description of quantum systems, with re- 
spect to eventual classic or superclassic analogues. Therefore, we can directly im- 
plement thermodynamic function on the observed quantum solutions, characterizing 
their spectral properties. 

The concept of quantum states can be also related to a proof for existence of 
solutions with mass-gap. In fact, we have the following theorem, that completes 
Theorem 3.18, and recognizes an interior constraint in (YM), where live solutions 
with mass gap. 

Theorem 3.28. (Existence of (YM) solutions with mass-gap.) Equation (YM) 
admits local and global solutions with mass-gap. These are contained into a sub- 
equation, (Higgs-quantum super PDE), (Higgs) C (YM), that is formally inte- 
grable and completely integrable, and also a stable quantum super PDE. If Hy,{M\ K) = 

0, {Higgs) is also a quantum extended crystal super PDE. In general solutions con- 
tained in {Higgs) are not stable in finite times. However there exists an associ- 
ated stabilized quantum super PDE, (resp. quantum extended crystal super PDE), 
where all global smooth solutions are stable in finite times. Furthermore, there ex- 
ists a quantum super partial differential relation, (quantum Goldstone-boundary), 

{Goldstone) C (YM), bounding {Higgs), such that any global solution of {YM), 
loses/acquires mass, by crossing {Goldstone) .^'^ 

Proof. The Hamiltonian of (YM) can be identified with a Q^-function H : jb{W) 
A. Therefore, the set of solutions, with mass-gap, of the trivial equation JD{W) C 
jb{W) can be identified with the subset H(Higgs) = H~^{G{A)) C jb{W), where 
G{A) is the abelian group of units of A. In general one has G{A) C A, where the 



The quantum state S is called maximally mixed quantum state if it maximalizes s yon -Neumann ■ 
Svon-Neumann{S) = iff S is a pure state, i.e., S = \i> >< 

^^Since the symmetries properties of the Higgs-quantum super PDE {Higgs) are different from 
the ones of the quantum super Yang-Mills equation (YM), we can consider this theorem like a 
quantum dynamic generalization of the usual Higgs-brcaking-symmotry mechanism. This justifies 
the name given, and the symbol, used to denote the constraint in {YM) where live the solutions 
with mass-gap. 
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equality happens iff A is a division algebra. It is well known that the only associa- 
tive division algebras are the real M, complex C, and quaternion H numbers. Let 
us exclude these cases. "'^ Therefore solutions of (YM) with mass-gap are all the 
solutions of the following augmented partial differential relations: 

(135) {{Higgs) = {YM)f]H|^H^ggs) C JD\W)} . 

In order to study the topological-differential structure of H(^fj^ggg^ , and hence that of 
(Higgs), let us consider the quantum states. In fact, between quantum states, useful 
to characterize energetic contents of (YM) solutions, there are ones coming from 
characters of quantum algebras. More precisely we give the following definition. 

Definition 3.29. We define character-quantum state a character of the quantum 
algebra A, i.e., a unitary multiplicative linear function x ■ A ^ C We denote by 
Ch{A) the set of such quantum states.'^^ 

One has the following lemma that gives an alternative way to identify solutions of 
(YM) with mass-gap. 

Lemma 3.30. (Character-quantum states and mass-gap). A solution of (YM) 
has mass-gap in p G M, iff for any character- quantum- state x G Ch{A), one has 
x{H{p)) ^ 0. 

Proof. It is a direct consequence of the following lemma. 

Lemma 3.31. Let B be a K-algebra. Then b e G{B) iff xib) ^ 0, Vx G Ch{B), 
where Ch{B) is the set of characters of B. (One has also x(&) 6 Sp{b), V6 G B.) 

Proof. It is standard. (See e.g., Rcf.[8].) □ 
In fact we have H{p) G A, for any p G N. □ 
Lemma 3.32. (Topology of G{A)). G{A) is an open set in A. 

Proof. Let us emphasize that the group of units of a topological ring may not be a 
topological group using the subspace topology, as inversion on the unit group need 
not be continuous with the subspace topology. However, we have the following 
lemma. 

Lemma 3.33. The operation of taking an inverse is continuous on quantum alge- 
bras. 

Proof. In fact, a quantum (super) algebra is a Frechet algebra, and for such algebras 
it is well known that the operation of taking an inverse is continuous [29] . □ 

Let us use, now, the following lemma. 

Lemma 3.34. The operation of taking an inverse is continuous for a general F- 
algebra A iff the group G{A) of its invertible elements is a Gg-set.'^'^ 



^'^If A is an associative division algebra, identified writli K = R or K = C, tlic constraint 
^(Higgs) trivially an open set -^(Higgs) C JD{W). In fact, when A = K, one has Z{A) = K 
and K = K = A, hence G{A) is the open set G(A) = A\{0}. Therefore, H^uigga) = H-^{A\{0}), 
is necessarily an open quantum submanifold of ■JD{W). 

^^We call Ch(A) also spectrum of A and we write Sp{A) = Ch{A). 

^^In a topological space, a G^-set is one countable intersection of open sets. 



48 



AGOSTINO PRASTARO 



Proof. See, e.g., [29] and references quoted there. 



□ 



Then taking into account that a quantum (super)algebra is a Frechet algebra, hence 
must necessarily G{A) be a Ga-set, therefore an open set in A. Note that this result 
could directly follow from Lemma 3.31 if we could state that all characters of A are 
continuous functions. But this is not assured for a topological algebra. (Michael- 
Mazur's problem [57].) By the way, we can state that there exists a countable subset 
Ch{Ayi C Ch{A) of continuous characters such that G{A) ~ C\x&ch(A)° ^(^)x' 
where G{A)^ = x^^(C \ {0}) is an open set in A. This open set cannot be empty, 



since it surely contains the identity map \a G A. 



□ 



Lemma 3.35. (Topology oi H^uiggs))- H(^f{iggs) is an open quantum submanifold 

ofJb{w). 

Proof. From above lemma it follows that H(^Higgs) is an open set in JD{W) since 
iJ is a continuous map as it is of class Q^. □ 

Let us, now, remark that the restriction 7f2,i to {YM) of the canonical projection 
7r2,i : jb'^iW) — >■ jb{W), gives a surjective mapping 7f2,i : {YM) jb{W) too. 
Therefore, we can identify the following constraint (Higgs) = T^2.ii^{Higgs)) C 
[YM). One has the following commutative diagram, with vertical exact lines. 



(136) 



(Higgs)^ 



772.1 —7r2.1 I 



H{mggs) ^ 



■{YM)^ 



7r2,i=7r2,i|j^ 



-jb{w)-- 



■JD^{W) 



--JD{W) 





Taking into account that 7f2,i is a continuous mapping and that H(^[jiggs) is an open 
subset of JD{W)^ it follows that also (Higgs) is an open quantum submanifold 
of (YM) over the open quantum submanifold H{^Higgs) of Jb(W). Since (YM) is 
formally integrable and completely integrable, it follows that also (Higgs) is so. By 
conclusion, the situs of solutions of {YM) with mass-gap is the formally integrable 
and completely integrable quantum super PDF (Higgs) C (YM). For any point q G 
(Higgs) there exists a solution of (YM), having mass-gap. The characterization of 
global solutions is made by means of integral bordism groups of (Higgs). Since this 
last equation is an open quantum submanifold of {Y M) its integral bordism groups 
coincide with the ones of (YM). (See Theorem 3.12.) Therefore, if H^(M] K) = 0, 
equation (Higgs) is a quantum extended crystal super PDF. Moreover, under the 
full admissibility hypothesis, it becomes a quantum 0-crystal super PDF. From 
Theorem 2.34 it follows that (Higgs) is a stable quantum extended crystal super 
PDF. Since its symbol is not trivial, we get also that in general such solution with 
mass-gap are not stable in finite times. However, we get also that for the infinity 
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Figure 1. Quantum matter-solution and elementary bordism- 
decompositions. a, 5, c and d are quantum- matter solutions, 
r, s and t are quantum-matter-free solutions. All the solution 
V' = aUrU6UsU<UcU(iisa quantum-matter-solution. 



prolongation of such an equation, one has {Higgs)j^^ C [Y M)^^. Hence we can 
state that (Higgs) is a stabilizable quantum extended crystal super PDE, with 
stable quantum extended crystal super PDE just {Higgs)_^_^. There aU global 
smooth solutions have mass-gap, and are stable in finite times. In order to fix 
ideas, let us, before to complete the proof of Theorem 3.28, consider the following 
example containing also some useful definitions. 

Example 3.36. We call a global solution V C (YM) a quantum matter-solution 
when V D (Higgs) ^ 0, otherwise we say that V is a quantum matter-free-solution. 
Of the first type are solutions describing, e.g., the following particles or nuclear re- 

o 

actions: 'f+p n^+p, tt"*" fi^ Li+H — > 2H e+22 .iAI ev . Instead examples 
of quantum matter-free-solutions are ones encoding electro-magnetic fields or gluons 
fields. A generic global solution can be made by pieces that are completely inside 
(Higgs), quantum pure-matter-solution, and other ones that are outside (Higgs), 
quantum matter-free-solution. The case of photoproduction of pions is an exam- 
ple of solutions of this type. Another one is a monopole- vortex chain in SU (2) 
gauge theory. Then Theorem 2.19 in [93] gives a decomposition of such solutions as 
union of a finite number of (integral) bordisms between elementary bordisms. Some 
of these are quantum pure-matter-bordisms (resp. quantum matter- free-bordisms ) , 
since completely inside, (resp. outside) (Higgs). (See Fig.l.) Let V C (YM) be 
such a quantum matter- solution, such that dV = Nq IJ P IJ Ni, with Nq C (Higgs) 
and Ni C (Higgs). Set qV = V ^ (Higgs) and ,V = V \ qV ^ (Higgs). Then 
we can write V = o^U*^- Since (Higgs) is open in (YAI), it follows that 

oVr[i(Hms) \ (mggs)) = and ,Vr[{(Hms) \(Hw9s)) = V9^(Hms). Fur- 
thermore one has Vq G [Ni] = [Nq] e Bor,n-i\n-i({YM); A). 
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Let US conclude the proof of the theorem by considering the boundary (Goldstone) = 
d{Higgs) of (Higgs), i.e., [Goldstone] = (Higgs) \ (Higgs). Since (Goldstone) C 
(yM), for any point q £ [Goldstone) there exists a solution r C {YM) of (YM). 
r can be a quantum matter-free-solution. However, since {Goldstone) is dense in 
(Higgs), q is limit point of a sequences of points q,; G (Higgs), i £ J. To each point 
there corresponds a quantum matter-solution C (Higgs). This means that for 
any quantum matter-frec-condition q G (Goldstone), we can always find quantum 
matter-solutions Si C (Higgs) converging to q. Then by a surgery technique we 
can prolong such quantum matter-solutions to a solution V, across (Goldstone), 
soldering with the quantum matter-free solution r. Since (YM) and (Higgs) are 
formally integrable and completely integrable, we can repeat this surgery technique 
to the infinity prolongations of these equations, i.e., by considering the sequence: 
(Higgs) C (Goldstone) C (YM)^^, by obtaining also quantum smooth so- 
lutions that passing across (Goldstone) acquire/lose mass. Such solutions, are 
therefore stable in finite times. □ 

Definition 3.37. Let V C (YM) be a global solution crossing the quantum Goldstone- 

boundary (Goldstone). Let us call Vg = V f] (Goldstone) the Goldstone-piece of 
V. 

Corollary 3.38. (Goldstone-piece characterization of (YM) solutions). Ln any 

connected global solution V C (YAI) bording Cauchy data No C (YM) \ (Higgs) 
and Ni C (Higgs), there exists a Goldstone piece.'^^ 
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